
The University of Chicago

Department of Statistics

TECHNICAL REPORT SERIES

KERNEL QUANTILE REGRESSION FOR NONLINEAR STOCHASTIC MODELS

Zhibiao Zhao and Wei Biao Wu

TECHNICAL REPORT NO. 572

Departments of Statistics
The University of Chicago

Chicago, Illinois 60637

October, 2006



KERNEL QUANTILE REGRESSION FOR

NONLINEAR STOCHASTIC MODELS

By Zhibiao Zhao and Wei Biao Wu

Department of Statistics, The University of Chicago

Abstract: We consider kernel quantile estimates for drift and scale functions in nonlinear

stochastic regression models. Under a general dependence setting, we establish asymptotic

point-wise and uniform Bahadur representations for the kernel quantile estimates. Based

on those asymptotic representations, central limit theorems are obtained. Applications to

nonlinear autoregressive models and linear processes are made. Simulation studies show

that the estimates have good performance. The results are applied to the Pound/USD

exchange rates data.

1 Introduction

Consider the nonlinear stochastic regression model

Yi = µ(Xi) + σ(Xi)εi, (1)

where εi, i ∈ Z, are independent and identically distributed (iid) random variables and

(Xi, Yi), i ∈ Z, is a stationary process. Here µ(·) and σ(·) ≥ 0 are measurable and they

represent drift and scale functions, respectively. For statistical inference of (1), our goal is

to estimate µ(·) and σ(·) based on the observations (Xi, Yi), 1 ≤ i ≤ n.

In (1), if we let Yi = Xi+1 −Xi and assume that εi are standard normals, then (1) can

be viewed as the discretized version of the stochastic diffusion model

dXt = µ(Xt)dt+ σ(Xt)dWt, (2)

where {Wt} is a standard Brownian motion. Many well-known financial models are special

cases of (2); see Fan (2005) and references therein. As a second example, (1) can also be

used to model time series driven by processes other than Brownian motions, for example,

by Lévy processes. In this case, instead of calling σ(·) a volatility function, it seems more

sensible to call it a scale function since εi has infinite variance.
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Due to the flexibility of the forms in µ and σ, (1) allows nonlinearity and conditional

heteroscedasticity and it becomes a popular model in financial econometrics. As an im-

portant special case, we let Xi = Yi−1 and then (1) becomes the conditional heteroskedas-

tic autoregressive nonlinear (CHARN) process (Bossaerts et al., 1996); see Section 4.1.

CHARN includes many popular nonlinear time series models, for example, threshold AR

(TAR) models (Tong, 1990), AR with conditional heteroscedasticity (ARCH, Engle, 1982)

and exponential AR (EAR) models (Haggan and Ozaki, 1981) among others. Here in our

setting we allow nonparametric forms in µ and σ.

For model (1) and its various special cases, there is a vast literature on parametric

and nonparametric estimation of the drift function µ and the scale function σ. In the

parametric scenario, the main focus is on ARCH (Engle, 1982), linear GARCH (Boller-

slev, 1986) and exponential GARCH (Nelson, 1991) among others. For nonparametric

estimation, Gourieroux and Monfort (1992) considered pseudo-maximum likelihood esti-

mation for qualitative threshold ARCH models; Mckeague and Zhang (1994) proposed

histogram type estimates of µ and σ; Chen and Tsay (1993) and Chen and Liu (2001)

studied the functional-coefficient autoregressive models. Härdle and Tsybakov (1997) es-

tablished asymptotic normality for local polynomial estimates (LPE) of µ and σ for both

the AR case Xi = Yi−1 and the general regression case (Xi, Yi). In the latter case, they

assumed that (Xi, Yi) are iid. Under various mixing conditions on (Xi, Yi), Masry and Fan

(1997) and Fan and Yao (1998) considered LPE of µ and σ, Jiang and Mack (2001) studied

robust LPE, Ziegelmann (2002) considered local exponential estimates of σ with known

µ. For difference-based estimates of σ, see Müller and Stadtmüller (1987) and Hall et al.

(1990) among others. In all the aforementioned papers, it is assumed that finite second or

higher order moments exist.

Empirical studies, however, have found heavy-tailed distributions in many fields, in-

cluding finance, economics, telecommunication and others. For example, high-frequency

financial time series may have tails heavier than the Student-t distributions (Tsay, 2005).

Nolan (2001) found heavy tails in foreign exchange (FX) rates. In the special case

Yi = αYi−1 +
√

β + λY 2
i−1εi, α ∈ R, β, λ > 0, (3)

Borkovec and Klüppelberg (2001) showed that the stationary distribution of Yi may have a

heavy tail of the Pareto type and thus Yi may not have finite second moment even though
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E(ε2
i ) < ∞. For more applications and modelling of heavy tails, See Resnick (1997) and

references therein. For heavy-tailed data, the classical least squares (LS) method which

requires finite second moment may not be a good choice. Attractive alternatives are the

quantile, least absolute deviation or other robust regression methods. Since the seminal

work of Koenker and Bassett (1978), quantile regression has become popular in parametric

and nonparametric inference and we refer the readers to Yu and Jones (1998), Yu et al.

(2003), Koenker (2005) for recent developments.

There are very few results on properties of quantile estimates of µ(·) and σ(·) for model

(1) under a general dependence structure on (Xi, Yi). For special cases results have been

obtained under stringent conditions by assuming that the process is either iid (cf Samanta

(1989), Jones and Hall (1990), Bhattacharya and Gangopadhyay (1990) and Chaudhuri

(1991a, 1991b)) or strong mixing (cf Truong and Stone (1992), Shi (1995), Honda (2000),

Cai (2002), Franke and Mwita (2003) and Ziegelmann (2005)). Assuming that (Xi, Yi)

are iid, Bhattacharya and Gangopadhyay (1990) obtained a point-wise Bahadur repre-

sentation of quantile estimates of µ(·), while Chaudhuri (1991b) derived a local Bahadur

representation. Such Bahadur representations provide deep insights into the asymptotic

properties of the estimates. Honda (2000) obtained point-wise and uniform Bahadur rep-

resentations of conditional quantile estimates under very complicated and stringent strong

mixing conditions.

In this paper, we shall consider kernel quantile estimates of µ(·) and σ(·) and establish

their asymptotic point-wise and uniform Bahadur representations under general depen-

dence structures. The uniform Bahadur representation allows us to apply a jackknife

bias reduction technique and, consequently, provide a theoretical justification for Fan and

Zhang’s (2000) two-step procedure to smooth the jackknifed estimates. It turns out that

an asymptotic distributional theory of the jackknifed estimates cannot be established if

one only has a point-wise Bahadur representation. Additionally, our dependence condi-

tions have a nice interpretation which is based on nonlinear system theory. In contrast

to mixing conditions which may be difficult to work with, our dependence conditions are

closely related to the data generating mechanism, and thus are easily verifiable. Also, we

impose a very mild moment condition on ε0.

The rest of the paper is structured as follows. In Section 2, based on kernel regression

quantiles, we obtain raw estimates of µ(·) and σ(·). In Section 3, the asymptotic behavior
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of the raw estimates is studied and refined estimates are proposed. Section 4 concerns

two important cases of (1): nonlinear AR models and linear processes. In Section 5, a

simulation study is performed and our procedure is applied to the Pound/USD FX rates

data. Proofs are given in Section 6.

2 Kernel quantile regression estimates

In model (1), we assume that Xi is a causal stationary process of the form

Xi = G(. . . , ηi−1, ηi), (4)

where ηi, i ∈ Z, are iid random variables and G is a measurable function such that Xi is

properly defined. Framework (4) is very general for stationary processes (cf Tong (1990),

Stine (2006) and Wu (2005a)). Let Fi = (. . . , ηi−1, ηi) be the one-sided shift process. We

assume that εi in (1) is independent of Fi and ηi is independent of εj, j ≤ i− 2.

To ensure identifiability of the estimates, we need to impose assumptions on the inno-

vations εi. For a random variable ε denote its median by med(ε) = inf{t : P(ε ≤ t) ≥
1/2}. We can assume without loss of generality (WLOG) that a = med(ε0) = 0 and

b = med(|ε0 − a|) = med(|ε0|) = 1 since otherwise (1) can be re-parameterized by letting

µ̄(x) = µ(x) + aσ(x), σ̄(x) = bσ(x) and ε̄i = (εi − a)/b.

Under the above conventions, the conditional median of Yi given Xi = x is µ(x). It

is well-known that µ(x) is a solution to the minimization problem argminθ E[(|Yi − θ| −
|Yi|)|Xi = x]. Here we put |Yi| into the expectation to guarantee that |Yi − θ| − |Yi| always

has a finite mean. A weighted sample analog is

argmin
θ

n
∑

i=1

wi[|Yi − θ| − |Yi|] or equivalently argmin
θ

n
∑

i=1

wi|Yi − θ|, (5)

where wi = wi(x) are non-negative weight functions such that
∑n

i=1wi = 1. Here we use

the normalized kernel weights with

wi(x) =
Kbn

(x−Xi)
∑n

i=1Kbn
(x−Xi)

and Kbn
(u) = K(u/bn), (6)

where K is a kernel function and bn > 0 is a bandwidth. If the optimization problem (5)

has a unique solution, we denote the minimizer by µ̂bn
(x); otherwise, we let µ̂bn

(x) be an

arbitrary solution. Asymptotic properties of µ̂bn
(x) is studied in Section 3.1.
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Assume that a consistent estimate µ̃bn
(x) of µ(x) is obtained. The next question is

to estimate the scale function σ(·). Let ei = |Yi − µ̃bn
(x)| be the estimated conditional

absolute residuals given Xi = x. Since the median of |ε0| is 1, as in (5), we can estimate

σ(x) by the solution, denoted by σ̂hn
(x), to the optimization problem

argmin
θ

n
∑

i=1

w̃i|ei − θ|, w̃i =
K̃hn

(x−Xi)
∑n

i=1 K̃hn
(x−Xi)

, (7)

where K̃hn
(u) = K̃(u/hn) for some kernel K̃ and bandwidth hn > 0. Here K̃ and band-

width hn may be different from K and bn that are used to estimate µ.

We now introduce some notation. Recall Fi = (. . . , ηi−1, ηi). Let (η′i)i∈Z be an iid copy

of (ηi)i∈Z and let F∗
i = (F−1, η

′
0, η1, . . . , ηi). For a random variable Z write Z ∈ Lp, p > 0,

if ‖Z‖p := [E(|Z|p)]1/p < ∞, and denote ‖Z‖ = ‖Z‖2. Define the projections PkZ =

E(Z|Fk) − E(Z|Fk−1), k ∈ Z. For a, b ∈ R let a ∧ b = min(a, b), a ∨ b = max(a, b) and

dae = inf{k ∈ Z : k ≥ a}. Let {an} and {bn} be two real sequences. We write an � bn

if 0 < lim infn→∞ |an/bn| ≤ lim supn→∞ |an/bn| < ∞. For ε > 0 and a set T ⊂ R, let

Tε = ∪y∈T {x : |x− y| ≤ ε} be the ε-neighborhood of T and write xε = {x}ε for x ∈ R. Let

Cp(T ) = {g(·) : supx∈T |g(p)(x)| < ∞} be the set of functions having bounded p-th order

derivatives on T . Here g(p) is the p-th order derivative of g with the convention g(0) = g.

Denote by 1A the indicator function for an event A.

3 Main results

Denote by FX and Fε the distribution functions of X0 and ε0, respectively, and by fX = F ′
X

and fε = F ′
ε the corresponding densities. For k, i ∈ N, let Fk(x|Fi) = P(Xi+k ≤ x|Fi)

be the k-step ahead conditional distribution function of Xi+k given Fi and fk(x|Fi) =

∂Fk(x|Fi)/∂x the conditional density. Recall that F ∗
i = (F−1, η

′
0, η1, . . . , ηi). Let X∗

i =

G(F∗
i ) be a coupled process of Xi. For ν ∈ (1, 2] define

θi(ν) = sup
x∈R

‖fi(x|F0) − fi(x|F∗
0 )‖ν. (8)

Then θi(ν) quantifies the distance between conditional distributions [Xi|F0] and [X∗
i |F∗

0 ]

via the difference between conditional densities. If fi(x|F0) does not depend on η0, then

θi(ν) = 0. So θi(ν) measures the contribution of the innovation η0 in predicting Xi given F0
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by perturbing the input via coupling. To state our results we need to introduce dependence

conditions and regularities conditions.

Condition 1 ( Dependence conditions ). (i) Let ν ∈ (1, 2]. Assume that

Θ(ν) :=
∞

∑

i=1

θi(ν) <∞. (9)

(ii) Let θ′i = supx∈R
‖f ′

i(x|F0) − f ′
i(x|F∗

0 )‖, where f ′
i(x|F0) = ∂fi(x|F0)/∂x. Assume that

Θ :=

∞
∑

i=1

(θi + θ′i) <∞, where θi = θi(2). (10)

Note that θi(ν) measures the contribution of η0 in predicting Xi given F0. Following

Wu (2005a), we view (4) as a physical system with Fi, Xi and G being the input, output

and transform, respectively. So (9) means that the cumulative contribution of η0 in pre-

dicting future values (Xi)i≥1 is finite, hence suggesting short-range dependence. The other

condition (10) delivers a similar message.

Remark 1. In some applications it is not easy to deal with the i-th step ahead predictive

density fi(x|F0). A simple sufficient condition of (9) which only involves one-step ahead

predictive density is
∞

∑

i=1

sup
x∈R

‖f1(x|Fi) − f1(x|F∗
i )‖ν <∞, (11)

To see this, since f1+i(x|F0) = E[f1(x|Fi)|F0] and E[f1(x|F∗
i )|F0] = E[f1(x|Fi)|F∗

0 ], by

Jensen’s inequality, ‖E[f1(x|Fi)|F0] − E[f1(x|F∗
i )|F∗

0 ]‖ν ≤ 2‖f1(x|Fi) − f1(x|F∗
i )‖ν. So

(11) implies (9). Similarly, (10) holds if

∞
∑

i=1

[

sup
x∈R

‖f1(x|Fi) − f1(x|F∗
i )‖ + sup

x∈R

‖f ′
1(x|Fi) − f ′

1(x|F∗
i )‖

]

<∞. (12)

In Section 4 we shall verify (11) and (12) for linear and nonlinear processes. ♦

Condition 2 ( Regularity conditions ). Let T ⊂ R. We say that (µ, σ, f1(·|F0), fX)

satisfies regularity condition R(T ) if there exists some c <∞ such that

µ(·), σ(·), fX(·) ∈ C4(T ), inf
y∈T

σ(y) > 0, sup
y∈T

f1(y|F0) < c and inf
y∈T

fX(y) > 0.

Definition 1. Let K be the set of kernels which are bounded, symmetric, Lipschitz contin-

uous and have bounded support. Let ψK =
∫

R
u2K(u)du/2 and ϕK =

∫

R
K2(u)du,K ∈ K.
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3.1 Point-wise Bahadur representation for µ̂bn

Let x ∈ R be fixed. Theorem 1 provides an asymptotic Bahadur representation for µ̂bn
(x).

Namely, we approximate µ̂bn
(x) − µ(x) by a linear form (cf. (13)), which is usually easier

to deal with. Corollary 1 gives a CLT for µ̂bn
(x) − µ(x).

Theorem 1. Let K ∈ K. Assume that fε ∈ C3(R), fε(0) > 0, bn + (log n)2/(nbn) → 0 and

that (9) holds with some ν ∈ (1, 2]. Further assume that, for some ε > 0, (µ, σ, f1(·|F0), fX)

satisfies the regularity condition R(xε). Let

ρ(x) = µ′′(x) + 2µ′(x)
f ′

X(x)

fX(x)
− µ′(x)

σ(x)

[f ′
ε(0)

fε(0)
µ′(x) + 2σ′(x)

]

and

Qbn
(x) =

n
∑

i=1

{

(1/2 − 1Yi≤µ(x))Kbn
(x−Xi) − E[(1/2 − 1Yi≤µ(x))Kbn

(x−Xi)]
}

.

Then we have the Bahadur representation

µ̂bn
(x) − µ(x) =

σ(x)

fX(x)fε(0)

Qbn
(x)

nbn
+ ψKρ(x)b

2
n +Op(rn), (13)

where

rn =
[δn log n

nbn

]1/2

+ δ2
n and δn = b2n + (nbn)−1/2 + n1/ν−1.

Corollary 1. Assume that the conditions in Theorem 1 are satisfied and

nb9n + n2/ν−1b3n + n4/ν−3bn → 0. (14)

Then we have

(nbn)1/2[µ̂bn
(x) − µ(x) − ψKρ(x)b

2
n] ⇒ N

(

0,
ϕKσ

2(x)

4fX(x)f 2
ε (0)

)

. (15)

Remark 2. If bn � n−β, then (14) holds if β > max{1/9, 4/ν − 3, (2 − ν)/(3ν)}. In

particular, if (9) is satisfied with some ν ∈ [3/2, 2] and β > 1/9, then (14) holds. ♦

By Corollary 1, the asymptotic optimal mean squares error (MSE) bandwidth is

bn =
[ ϕKσ

2(x)

16ψ2
Kρ

2(x)fX(x)f 2
ε (0)

]1/5

n−1/5 � n−1/5. (16)
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By the Bahadur representation in Theorem 1, the bias term ψKρ(x)b
2
n can be corrected by

the simple jackknife estimator

µ̃bn
(x) = 2µ̂bn

(x) − µ̂√
2bn

(x).

There certainly exists other forms, for example, (λµ̂bn
− µ̂√

λbn
)/(λ− 1), λ 6= 1; see Wu and

Zhao (2005). In practice the choice λ = 2 has a good performance. By (13), following the

proof of Corollary 1 in Section 6, we have under the conditions in Corollary 1 that

(nbn)1/2[µ̃bn
(x) − µ(x)] ⇒ N

(

0,
ϕK∗σ2(x)

4fX(x)f 2
ε (0)

)

,

where K∗(u) = 2K(u) − 2−1/2K(u/
√

2) ∈ K.

3.2 Point-wise Bahadur representation for σ̂hn

As in Section 2, let ei = |Yi − µ̃bn
(x)| be the estimated absolute conditional residuals given

Xi = x. Then σ(x) can be estimated by σ̂hn
(x), the solution to the minimization problem

(7). Theorem 2 below provides an asymptotic Bahadur representation for σ̂hn
(x). To this

end, let Qbn
(x) be as in Theorem 1, Tbn

(x) = 2Qbn
(x) − 2−1/2Q√

2bn
(x) and

Whn
(x) =

n
∑

i=1

{

(1/2 − 1|Yi−µ(x)|≤σ(x))K̃hn
(x−Xi)

−E[(1/2 − 1|Yi−µ(x)|≤σ(x))K̃hn
(x−Xi)]

}

.

Theorem 2. Let K̃ ∈ K. Assume that fε ∈ C3(R) and κ+ := fε(−1) + fε(1) > 0,

hn + (log n)2/(nhn) → 0 and that the conditions in Theorem 1 are satisfied. Let

ρ̃(x) = σ′′(x) + κµ′′(x) + 2[σ′(x) + κµ′(x)][f ′
X(x)/fX(x) − σ′(x)/σ(x)]

−{f ′
ε(1)[σ′(x) + µ′(x)]2 − f ′

ε(−1)[σ′(x) − µ′(x)]2}/[κ+σ(x)],

where κ = [fε(1) − fε(−1)]/κ+. Then the Bahadur representation holds:

σ̂hn
(x) − σ(x) =

σ(x)

fX(x)

[Whn
(x)

nhnκ+
− κTbn

(x)

nbnfε(0)

]

+ ψK̃ ρ̃(x)h
2
n +Op(r̃n), (17)

where

r̃n =
[ δ̃n log n

nhn

]1/2

+ δ̃2
n and δ̃n = b2n + (nbn)−1/2 + h2

n + (nhn)−1/2 + n1/ν−1.
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As in Corollary 1, we can derive the asymptotic distribution of σ̂hn
(x) from the Bahadur

representation in Theorem 2. The convergence rate, however, depends on the relative

magnitudes of bn and hn. Define

Dα = {(bn, hn) : lim
n→∞

hn/bn = α}, 0 ≤ α ≤ ∞.

We now consider the first term in the right hand side of (17). Assume that (bn, hn) ∈ Dα

for some α ∈ [0,∞]. If α = 0, then Whn
(x)/(nhn) dominates; if α = ∞, then Tbn

(x)/(nbn)

dominates; if 0 < α <∞, then both terms are of the same order of magnitude.

Corollary 2. Let κ, κ+, ρ̃(x) be as in Theorem 2 and (bn, hn) ∈ Dα for some α ∈ [0,∞].

Assume the conditions in Theorem 2 are fulfilled and

n(bn + hn)9 + n2/ν−1(bn + hn)3 + n4/ν−3(bn + hn) → 0. (18)

(i) If κ 6= 0, α = ∞, then

(nbn)1/2[σ̂hn
(x) − σ(x) − ψK̃ ρ̃(x)h

2
n] ⇒ N

(

0,
κ2ϕK∗σ2(x)

4fX(x)f 2
ε (0)

)

.

(ii) If κ 6= 0 and α ∈ [0,∞), then

(nhn)1/2[σ̂hn
(x) − σ(x) − ψK̃ ρ̃(x)h

2
n] ⇒ N(0, ς2α), where

ς2α =
σ2(x)

4fX(x)

{ϕK̃

κ2
+

+
α2κ2ϕK∗

f 2
ε (0)

− 2ακ[1 − 4Fε(−1)]

κ+fε(0)

∫

R

K̃(u)K∗(αu)du
}

. (19)

(iii) If κ = 0 and hn/(nb
2
n) → 0, then (19) holds with ς2α = ϕK̃σ

2(x)/[4κ2
+fX(x)], α ∈ [0,∞].

Remark 3. If ε0 is symmetric, then fε(−1) = fε(1) and κ = 0. In this case, ς2α =

ϕK̃σ
2(x)/[16fX(x)f 2

ε (1)], α ∈ [0,∞). If 0 < α <∞, condition (18) reduces to (14). ♦

If µ were known and we use ei = |Yi − µ(Xi)| in (7) to estimate σ, then (19) holds

with κ = 0. Corollary 2 delivers the message that the convergence rate of σ̂hn
depends on

whether µ is known or not. If κ 6= 0, α ∈ [0,∞) or κ = 0, then one has the interesting

oracle property that the convergence rate of σ̃hn
is the same as the one as if µ were known

(cf. Section 8.7 in Fan and Yao (2003)). On the other hand, if κ 6= 0 and α = ∞, then σ̃hn

with estimated µ has a slower convergence rate. Assuming that (Xi, Yi) are independent

and ε0 has zero mean and unit variance, Hall and Carroll (1989) investigated the effect of

estimating µ on the estimation of the conditional variance σ2(·).
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From Corollary 2, we can derive that, the optimal MSE bandwidth hn � n−1/5, re-

gardless of the choice of bn as long as n−1/5 = O(bn) and the conditions in Corollary 2

(ii) and (iii) hold. As in the case of µ̂bn
, we can also use the bias-corrected estimator

σ̃hn
(x) = 2σ̂hn

(x) − σ̂√2hn
(x) and a similar central limit theorem holds. For example,

when κ 6= 0 and α ∈ [0,∞), (nhn)1/2[σ̃bn
(x) − σ(x)] ⇒ N(0, ς∗2α ), where ς∗2α is obtained by

replacing K̃ with K̃∗(u) = 2K̃(u) − 2−1/2K̃(u/
√

2) in Corollary 2 (ii).

3.3 Uniform Bahadur representations

Let T > 0 be fixed. Theorem 3 provides uniform Bahadur representations of µ̂bn
and σ̂hn

over the interval T := [−T, T ]. Such results are useful in developing a limit theory for

refined estimates based on Fan and Zhang’s (2000) two-step procedure (cf. Section 3.4).

Theorem 3. Assume (10), fε ∈ C3(R), fε(0) > 0, fε(−1) + fε(1) > 0, K, K̃ ∈ K and

bn + hn + (log n)3/(nbn) + (logn)3/(nhn) → 0. (20)

Further assume that there exists an ε > 0 such that (µ, σ, f1(·|F0), fX) satisfies the regular-

ity condition R(Tε). Then the Bahadur representations in Theorems 1 and 2 hold uniformly

over x ∈ T with the uniform error bounds runif
n and r̃unif

n , respectively, given by

runif
n = b4n +

[bn log n

n

]1/2

+
[ log n

nbn

]3/4

,

r̃unif
n = b4n + h4

n +
[hn log n

n

]1/2

+
[b2n log n

nhn

]1/2

+
[(log n)3

n3bnh2
n

]1/4

+
[ logn

nhn

]3/4

.

3.4 Refining the raw estimates µ̃bn
and σ̃hn

The raw estimates µ̃bn
and σ̃hn

are not smooth and improved estimates can be obtained

by smoothing. Suppose we have the values of the estimates at the evenly distributed grid

points xi = iT/N , −N ≤ i ≤ N,N = Nn → ∞. Then we can smooth the estimates

µ̃bn
(xi) and σ̃hn

(xi) by locally averaging:

µ̆bn
(x) =

N
∑

i=−N

π(x, xi)µ̃bn
(xi) and σ̆hn

(x) =

N
∑

i=−N

π(x, xi)σ̃hn
(xi),

10



where π(x, xi) are non-negative weights satisfying
∑N

i=−N π(x, xi) = 1. Our approach can

be viewed as a combination of the bias-reduction jackknife method and Fan and Zhang’s

(2000) two-step smoothing procedure since our ”raw” estimates are jackknifed.

There are various smoothing techniques to construct the weights π(x, xi), including

kernel, local polynomial, wavelets among others. Here we use the kernel method:

π(x, xi) =
K̆τN

(x− xi)
∑N

i=−N K̆τN
(x− xi)

,

where K̆τN
(u) = K̆(u/τN) for some kernel K̆ and the bandwidth τN > 0.

Corollary 3. Let the conditions in Theorem 3 be fulfilled, K̆ ∈ K and τN → 0, NτN → ∞.

Let Tbn
(x) and runif

n be as in Theorems 2 and 3, respectively. Let δ ∈ (0, T ) be fixed and

r̆n = runif
n +N−1 + τ 4

N . Then

µ̆bn
(x) = µ(x) +

N
∑

i=−N

π(x, xi)σ(xi)

fX(xi)fε(0)

Tbn
(xi)

nbn
+ ψ(K̆)τ 2

Nµ
′′(x) +Op(r̆n) (21)

holds uniformly over x ∈ [−T + δ, T − δ]. A similar representation holds for σ̆hn
(x).

Proof. Elementary calculations show that, for j = 0, 1, 2, 3,

T

NτN

N
∑

i=−N

K̆(
x− xi

τN
)(
x− xi

τN
)j =

∫

R

K̆(u)ujdu+O(
1

NτN
)

hold uniformly over x ∈ [−T + δ, T − δ]. By Theorem 3,

µ̆bn
(x) =

N
∑

i=−N

π(x, xi)µ(xi) +
N

∑

i=−N

π(x, xi)σ(xi)

fX(xi)fε(0)

Tbn
(xi)

nbn
+Op(r

unif
n ).

Since K̆ has a bounded support, we only need to consider those xi’s with xi − x = O(τN).

By Taylor’s expansion µ(xi) =
∑3

j=0 µ
(j)(x)(xi − x)j/j! +O(τ 4

N), (21) holds. ♦

Based on the representation (21), one can obtain a central limit theorem for µ̆bn
(x).

For example, if τN = o(bn), by the argument in Proposition 3, we have

N
∑

i=−N

π(x, xi)σ(xi)

fX(xi)
Tbn

(xi) =
σ(x)

fX(x)
Tbn

(x) +Op[(nτN log n)1/2 + n1/2bn].

By the argument in Corollary 1, one can establish a CLT for Tbn
(x). Techniques in Propo-

sition 4 can be similarly applied to σ̆hn
(x). The details are omitted.

11



4 Examples

In this section, we shall verify Condition 1 for some popular processes.

4.1 Nonlinear AR models

If Xi = Yi−1 and ηi = εi−1, then (1) becomes the CHARN model (Bossaerts et al., 1996)

Yi = µ(Yi−1) + σ(Yi−1)εi. (22)

Many popular nonlinear time series models are special cases of (22), including TAR model

Yn = a(0 ∨ Yn−1) + b(0 ∧ Yn−1) + εn, ARCH model Yn = εn

√

a2 + b2Y 2
n−1, EAR model

Yn = (a+ be−cY 2
n−1)Yn−1 + εn and others.

Proposition 1. Let fε be the density of ε0. Assume (i) ε0 ∈ Lq for some q > 0 and

λ := supx∈R
‖µ′(x) + σ′(x)ε0‖q < 1 and (ii) µ, σ ∈ C1(R), infx∈R σ(x) > 0 and supx∈R

(1 +

|x|)[|f ′
ε(x)| + |f ′′

ε (x)|] <∞. Then (10) holds.

Proof. By Theorem 2 in Wu and Shao (2004), if (i) is satisfied, then Xi has a unique

stationary solution of the form G(Fi) with the property that

‖G(Fi) −G(F ′
i)‖q = O(λi), (23)

where F ′
i = (. . . , η′−1, η

′
0, η1, . . . , ηi) couples Fi with ηj replaced by η′j, j ≤ 0. Let X∗

i =

G(F∗
i ). Since |a+ b|q ≤ 2q(|a|q + |b|q), by stationarity, (23) implies that

‖G(Fi) −X∗
i ‖q

q ≤ 2q[‖G(Fi) −G(F ′
i)‖q

q + ‖G(Fi+1) −G(F ′
i+1)‖q

q] = O(λiq).

Note that f1(x|Fi) = fε({x− µ(Xi)}/σ(Xi)) and f1(x|F∗
i ) = fε({x− µ(X∗

i )}/σ(X∗
i )). By

(ii), elementary calculations shows that (12), and hence (10), follows. ♦

4.2 Linear processes

Let ηi, i ∈ Z, be iid random variables with η0 ∈ Lq, q > 0; let fη be the density of η0.

Assume E(η0) = 0 if q ≥ 1. Consider the linear process

Xi =
∞

∑

j=0

ajηi−j, (24)
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where the real sequence (ai)i≥0 satisfies
∑∞

i=0 |ai|2∧q < ∞. The latter condition is needed

to guarantee the existence of Xn. Special cases of the linear processes (24) include ARMA

and fractional ARIMA models.

Proposition 2. Let η0 ∈ Lq, q > 0, and E(η0) = 0 if q ≥ 1. Assume supx∈R
[fη(x) +

|f ′
η(x)|] < ∞. (i) If

∑∞
i=0 |ai|(q∧2)/ν < ∞ holds with ν ∈ (1, 2], then (9) is satisfied. (ii) If

supx∈R
|f ′′

η (x)| <∞ and
∑∞

i=0 |ai|(q∧2)/2 <∞, then (10) holds.

Proof. Assume WLOG that a0 = 1. Let X̄i = Xi − ηi and X̄∗
i = X̄i + ai(η

′
0 − η0). Then

f1(x|Fi) = fη(x− X̄i+1). (i) We shall show that θi(ν) = O[|ai|(q∧2)/ν ]. If q ≥ 2, then

‖fη(x− X̄i+1) − fη(x− X̄∗
i+1)‖2

2 ≤ c2‖X̄i+1 − X̄∗
i+1‖2

2 = O(a2
i+1),

where c = supx∈R
[fη(x) + |f ′

η(x)|] <∞. If 0 < q < 2, then for any ν ≥ q ∨ 1

‖fη(x− X̄i+1) − fη(x− X̄∗
i+1)‖ν

ν ≤ cν‖1 ∧ |ai+1(η0 − η′0)|‖ν
ν

≤ cν‖ai+1(η0 − η′0)‖q
q = O(|ai+1|q).

Similarly, under (ii), ‖f ′
η(x− X̄i+1) − f ′

η(x− X̄∗
i+1)‖2

2 = O(|ai+1|q∧2). So (10) follows. ♦

If q = ν = 2, then the summability conditions in (i) and (ii) of Proposition 2 become
∑∞

i=0 |ai| < ∞, a classical condition for short-range dependence. If the latter is violated,

then one has long-range dependence and it is beyond the scope of the paper.

5 A simulation study and a real data example

In this section we shall first perform a simulation study and then apply our methods to

the FX rates between U.K. Pound and U.S. Dollar. The two-step procedure is applied

here. In the first step we use the Epanechnikov kernel K(u) = 0.75(1− u2)1|u|≤1 to obtain

raw estimates, while in the second step, we apply the local linear smoothing procedure for

refinements.

The bandwidth (16) is not immediately usable since it involves unknown quantities

ρ(x), fX(x), fε(0) and σ(x). It is a difficult problem to develop a good automatic bandwidth

selector in the context of quantile regression under dependence. Here for the illustration

purpose, we select bandwidth through visual inspection of the estimates in the first step

13



and apply Ruppert et al.’s (1995) automatic bandwidth selection procedure in the local

linear smoothing step. Throughout our numerical work, we have also tried different choices

of bandwidths and obtained similar results.

5.1 A simulation study

Consider the continuous-time model

dXt = (α0 + α1Xt)dt+ (β0 + β1|Xt|γ0)γ1dZt. (25)

When {Zt} = {Wt} is a standard Brownian motion, many popular models are the special

cases of (25) with Xt being the logarithm of some stock price. For example, in the CIR

model (Cox et al., 1985), one has β0 = 0, γ0 = 1/2 and γ1 = 1, while in the CKLS model

(Chan et al., 1992), β0 = 0. Fan and Zhang (2003) considered nonparametric inference for

such models based on higher order approximations.

Here we assume that {Zt} is a stable Lévy process rather than a Brownian motion. In

particular, we consider the standard symmetric α-stable Lévy process with index α = 1.6.

Let µ(x) = α0 + α1x and σ(x) = (β0 + β1|x|γ0)γ1 , where the parameters α0 = 0.05, α1 =

−0.8, β0 = 0.16, β1 = 0.32, γ0 = 2 and γ1 = 0.5. A discretized version of (25) is

Yi := Xi+1 −Xi = µ(Xi) + σ(Xi)εi, (26)

where εi are iid SαS random variables with index 1.6. In this case, it is easy to see that

conditions in (i) of Proposition 1 are satisfied with q < α = 1.6. Thus (26) admits a

stationary solution. We simulate a sample (Xi), i = 1, 2, . . . , n = 2500, from model (26)

and use bandwidths bn, hn = 0.5, 0.6, 0.7 to obtain the raw estimates. We perform the

estimation procedure at 500 grid points, distributed evenly between 5% and 95% quantiles

of Xi’s, i = 1, 2, . . . , n, and then use linear interpolation to obtain the estimates at other

points. The actual and estimated functions are plotted in Figure 1. The plots suggest that

the estimates are reasonably good. The classical LS method is not applicable since ε0 has

infinite variance. Our quantile estimates provide a useful alternative.

Insert Figure 1 about here
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5.2 An application: FX rates between Pound and USD

The dataset is obtained from http://www.federalreserve.gov/releases/h10/hist/, the website

of Federal Reserve Bank of New York. It contains 8848 weekdays records of Pound/USD

noon buying rates from January 4th 1971 to May 5th 2006. In model (1), let Xi, i =

1, 2, . . . , 8848, be the exchange rates and Yi = log(Xi+1/Xi) be the daily log-returns. We

use bandwidths bn, hn = 0.005, 0.010 and 0.015 to obtain the raw estimates. Estimated

drift function µ̃bn
(·) and scale function σ̃hn

(·) are plotted in Figure 2. As in the simulation

study, estimation procedure is performed at 2000 grid points, distributed evenly on the

range of Xi’s, and linear interpolation is used for other points.

Nolan (2001) considered the FX rates of USD/Pound (reciprocal of Pound/USD) from

January 2nd 1980 to May 21st 1996. He fitted the log-returns with a stable distribution

with stable index α = 1.530, skewness β = −0.088, scale γ = 0.00376 and location

δ = 0.00009. Nolan also fitted stable distributions for FX rates for other currencies.

Here we shall consider the innovations εi instead of the log-returns. In model (1), after

estimating µ(·) and σ(·), the innovations εi can be estimated by

ε̂i =
Yi − µ̃bn

(Xi)

σ̃hn
(Xi)

, i = 1, 2, . . . , 8847.

We use bandwidths bn = 0.010 and hn = 0.005 to compute ε̂i. We fit the estimated

innovations ε̂i with a stable distribution using the program STABLE (available from J.

P. Nolan’s website: http://academic2.american.edu/∼jpnolan). The estimated parameters

are α = 1.62, β = −0.10, γ = 0.97, δ = 0.03 for the maximum likelihood method; α =

1.45, β = −0.05, γ = 0.89, δ = 0.02 for the quantile method and α = 1.74, β = −0.08, γ =

1.00, δ = 0.03 for the characteristic function method. All these 3 cases suggest that α < 2

and εi has a heavy tail. The plot of sample kurtosis of ε̂i in Figure 3 gives further evidence

of heavy tails.

Insert Figures 2 and 3 about here

6 Proofs

Throughout this section c, c1, c2, . . . stand for positive constants which may vary from

line to line. Recall that Fi = (. . . , ηi−1, ηi) and F∗
i = (F−1, η

′
0, η1, . . . , ηi). Let Gi =
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(. . . , ηi, ηi+1; εi, εi−1, . . .). Let x be fixed and define

Ln(s) =
n

∑

i=1

Kbn
(x−Xi)1Yi≤µ(x)+s, Ln =

n
∑

i=1

Kbn
(x−Xi),

L̃n(s, t) =
n

∑

i=1

K̃hn
(x−Xi)1|Yi−µ(x)−s|≤σ(x)+t, L̃n =

n
∑

i=1

K̃hn
(x−Xi),

Jn(s) = ELn(s), Jn = ELn, J̃n(s, t) = EL̃n(s, t) and J̃n = EL̃n.

Lemma 1. Let x be fixed, K, K̃ ∈ K and bn → 0, hn → 0. Assume σ(x) > 0, fε ∈ C3(R)

and that there exists an ε > 0 such that µ, σ, fX ∈ C4(xε). Let ρ(x), ρ̃(x), κ, κ+ be as in

Theorems 1 and 2. Then

Jn = nbnfX(x) + ψKf
′′
X(x)nb3n +O(nb5n),

Jn(0) = Jn/2 − nbn[b2nψKρ(x)fε(0)fX(x)/σ(x) +O(b4n)],

Jn(s) − Jn(0) = nbns[fε(0)fX(x)/σ(x) +O(b2n + s)],

J̃n(s, 0) = J̃n/2 − nhn{[h2
nψK̃ ρ̃(x) − sκ]κ+fX(x)/σ(x) +O(h4

n + s2)},
J̃n(s, t) − J̃n(s, 0) = nhnt[κ+fX(x)/σ(x) +O(h2

n + s+ t)].

Proof. Let h be a bounded function and Hn(x) =
∑n

i=1Kbn
(x − Xi)h(Yi). Assume that

g(·) := fX(·)E[h(µ(·) + σ(·)ε0)] ∈ C4(xε). Since K ∈ K, by Taylor’s expansion,

E[Hn(x)] = nbn

∫

R

K(u)g(x− ubn)du = nbn[g(x) + ψKg
′′(x)b2n +O(b4n)].

Lemma 1 follows by considering the specific forms of h(·) in the above expressions. ♦

Recall that f1(x|Fi−1) is the conditional density of Xi at x given Fi−1. Define

In(x) =

n
∑

i=1

[f1(x|Fi−1) − Ef1(x|Fi−1)], x ∈ R. (27)

Lemma 2. (i) Suppose (9) holds with ν ∈ (1, 2]. Then supx∈R
‖In(x)‖ν = O(n1/ν). (ii)

Let T > 0 be fixed. Then under (10), ‖ sup|x|≤T |In(x)|‖2 = O(n1/2).

Proof. (i) For i ≥ 0,E[f1(x|Fi)|F−1] = E[f1(x|F∗
i )|F0]. Thus, by Jensen’s inequality

‖P0f1(x|Fi)‖ν = ‖E[f1(x|Fi) − f1(x|F∗
i )|F0]‖ν
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≤ ‖f1(x|Fi) − f1(x|F∗
i )‖ν ≤ θi(ν).

Since {PjIn(x)}n−1
j=−∞ are martingale differences, by the von Bahr-Esseén inequality,

‖In(x)‖ν
ν ≤ 2

n−1
∑

j=−∞
‖PjIn(x)‖ν

ν ≤ 2

n−1
∑

j=−∞

[

n−1
∑

i=0

‖Pjf1(x|Fi)‖ν

]ν

≤ 2
n−1
∑

j=−∞

[

n−1
∑

i=0∨j

θi−j(ν)
]ν

≤ 2
n−1
∑

j=−∞

[

Θν−1(ν)
n−1
∑

i=0∨j

θi−j(ν)
]

= O(n).

(ii) By the argument in (i), supx∈R
[‖In(x)‖2+‖I ′n(x)‖2] = O(n1/2). Since |In(x)−In(−T )| ≤

∫ T

−T
|I ′n(u)|du, by Jensen’s inequality, we have E[sup|x|≤T I

2
n(x)] = O(n). ♦

Proposition 3. Let x be a continuity point of µ and σ. Assume that σ(x) > 0, Fε ∈
C1(R), bn ∨ hn ∨ ln → 0, logn = O(n(bn ∧ hn)ln) and that there exists an ε > 0 such that

supy∈xε
f1(y|F0) < c0 for some constant c0 <∞. Further assume that (9) holds with some

ν ∈ (1, 2]. For b = bn, hn, define Ωn(b) = (nbln log n)1/2 + n1/νbln. Then

sup
|s|≤ln

|[Ln(s) − Jn(s)] − [Ln(0) − Jn(0)]| = Op[Ωn(bn)], (28)

sup
|s|+|t|≤ln

|[L̃n(s, t) − J̃n(s, t)] − [L̃n(0, 0) − J̃n(0, 0)]| = Op[Ωn(hn)]. (29)

Proof. We only prove (29) since (28) similarly follows. Let Zi := Zi(s, t) = K̃hn
(x −

Xi)[1|Yi−µ(x)−s|≤σ(x)+t − 1|Yi−µ(x)|≤σ(x)]. Then [L̃n(s, t) − J̃n(s, t)] − [L̃n(0, 0) − J̃n(0, 0)] =
∑n

i=1[Zi − E(Zi)]. Write

n
∑

i=1

[Zi − E(Zi)] = Mn(s, t) +Rn(s, t), where

Mn(s, t) =

n
∑

i=1

[Zi − E(Zi|Gi−2)] and Rn(s, t) =

n
∑

i=1

[E(Zi|Gi−2) − E(Zi)].(30)

Hereafter we call (30) M/R-decomposition with Mn(s, t) and Rn(s, t) being the M and

R-parts, respectively. We shall only consider 0 ≤ s ≤ t and assume WLOG that K̃ has

support [−1, 1]. Let B(y) = [µ(x) − µ(y) − σ(x)]/σ(y), B(y) = [µ(x) − µ(y) + σ(x)]/σ(y)

and

G(y; s, t) = Fε

(

B(y) +
s+ t

σ(y)

)

− Fε(B(y)) + Fε(B(y)) − Fε

(

B(y) − t− s

σ(y)

)

.
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Then sup|u|≤1,|s|+|t|≤ln |G(x − uhn; s, t)| = O(ln). Since E(Zi|Gi−2) = E[E(Zi|Gi−1)|Gi−2] =

E[K̃hn
(x−Xi)G(Xi; s, t)|Fi−1], we have

Rn(s, t) = hn

∫

R

K̃(u)G(x− uhn; s, t)In(x− uhn)du = Op(n
1/νhnln)

in view of Lemma 2(i). By Lemma 3 below, (29) follows. ♦

Lemma 3. Recall (30) for Mn(s, t). Then under conditions in Proposition 3, we have

sup
|s|+|t|≤ln

|Mn(s, t)| = Op[(nhnln log n)1/2].

Proof. Let Zi = Zi(s, t) be as in Proposition 3 and M ◦
n(s, t) =

∑

i:even[Zi −E(Zi|Gi−2)] the

sum over even indices i ≤ n. Let dn = nhnln and S = {(s, t) : 0 ≤ s ≤ t, s + t ≤ ln}.
It suffices to show that sup(s,t)∈S |M◦

n(s, t)| = Op[(dn log n)1/2] since other cases can be

similarly treated. Let N = dd1/2
n e, ωn = ln/N , ti = iωn, 0 ≤ i ≤ N . For any (s, t) ∈ S,

there exist j and k such that s ∈ [tj, tj+1), t ∈ [tk, tk+1). Define

Aijk = K̃hn
(x−Xi)[1tj−σ(x)−tk+1≤Yi−µ(x)<−σ(x) + 1σ(x)<Yi−µ(x)≤tj+1+σ(x)+tk+1

],

Aijk = K̃hn
(x−Xi)[1tj+1−σ(x)−tk≤Yi−µ(x)<−σ(x) + 1σ(x)<Yi−µ(x)≤tj+σ(x)+tk ].

Then Aijk ≤ Zi ≤ Aijk. Since Fε ∈ C1(R) and supy∈xε
f1(y|F0) < c0, there exists a constant

c1 <∞ such that E[(Aijk − Aijk)|Gi−2] ≤ c1hnωn. Therefore,

Aijk − E(Aijk|Gi−2) − c1hnωn ≤ Zi − E(Zi|Gi−2) ≤ Aijk − E(Aijk|Gi−2) + c1hnωn

and consequently

sup
(s,t)∈S

|M◦
n(s, t)| ≤ max

0≤j, k≤N−1
(|Hjk| + |Hjk|) + c1dn/N (31)

where Hjk =
∑

i:even[Aijk−E(Aijk|Gi−2)] and Hjk =
∑

i:even[Aijk−E(Aijk|Gi−2)]. Note that

for fixed j and k, {Aijk − E(Aijk|Gi−2) : i even} form martingale differences with respect

to the sigma field generated by Gi and there exists some constant c2 <∞ such that

∑

i:even

E[A2
ijk|Gi−2] =

∑

i:even

E[E(A2
ijk|Gi−1)|Gi−2] ≤ c2dn.
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Assume WLOG that supu K̃(u) ≤ 1. Let c3 = supn(logn/dn)1/2 < ∞. By Freedman’s

inequality (Freedman, 1975) for bounded martingale differences,

P

(

max
0≤j,k≤N−1

|Hjk| ≥ c
√

dn logn
)

≤
N−1
∑

j,k=0

P

(

|Hjk| ≥ c
√

dn log n
)

≤ 2N2 exp
[

− c2dn log n

2c
√
dn logn+ 2c2dn

]

= O(n−λc),

where λc = c2/(2cc3 + 2c2) − 1. A similar expression holds for Hjk. Choose sufficiently

large c, then the desired result follows from (31) since dn/N = o[(dn log n)1/2]. ♦

Recall that C0(R) is the set of bounded and measurable functions and that fε is the

density of ε0. Define the operator H by

H(g)(t) = E[g(Y0)|X0 = t] =

∫

R

g(µ(t) + σ(t)v)fε(v)dv, g ∈ C0(R).

Proposition 4. Let gk ∈ C0(R) and qk ∈ K, k = 1, 2, . . . , d. For each x ∈ R, define

Sn(x) =

n
∑

i=1

d
∑

k=1

{

gk(Yi)qk,bn
(x−Xi) − E[gk(Yi)qk,bn

(x−Xi)|Gi−2]
}

,

where qk,bn
(u) = qk(u/bn). Assume that x is a continuity point of µ, σ, fX , f1(·|F0),H(gk)(·)

and H(gkgk′)(·), 1 ≤ k, k′ ≤ d. If bn → 0 and nbn → ∞, then we have

Sn(x)√
nbn

⇒ N(0, σ2), where σ2 = fX(x)
∑

1≤k,k′≤d

H(gkgk′)(x)

∫

R

qk(u)qk′(u)du.

Proof. For 1 ≤ k ≤ d let ζk,i = gk(Yi)qk,bn
(x − Xi), ξk,i = ζk,i − E(ζk,i|Gi−1) and γk,i =

E(ζk,i+1|Gi) − E(ζk,i+1|Gi−1). Then we have

Sn(x) =

n
∑

i=1

d
∑

k=1

(ξk,i + γk,i) +O(1). (32)

Note that (ξ1,i, γ1,i, ξ2,i, γ2,i, . . . , ξd,i, γd,i), i = 1, 2, . . . , n, form triangular array martingale

differences with respect to Gi. By the martingale central limit theorem, it suffices to verify

convergence of the conditional variance and the Lindeberg condition. For 1 ≤ k, k ′ ≤ d,

we write gk,k′(u) = gk(u)gk′(u), qk,k′(u) = qk(u)qk′(u) and qk,k′,bn
(u) = qk,k′(u/bn). Then

E(ξk,iξk′,i|Gi−1) = qk,k′,bn
(x−Xi)[E(gk,k′(Yi)|Gi−1) − E(gk(Yi)|Gi−1)E(gk′(Yi)|Gi−1)]
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= qk,k′,bn
(x−Xi)[H(gk,k′)(x) −H(gk)(x)H(gk′)(x) + o(1)]. (33)

Define αi = qk,k′,bn
(x − Xi) − E[qk,k′,bn

(x − Xi)|Fi−1] and βi = E[qk,k′,bn
(x − Xi)|Fi−1] −

E[qk,k′,bn
(x−Xi)]. Since αi, 1 ≤ i ≤ n, form stationary martingale differences with respect

to Fi,
∑n

i=1 αi = Op[(nbn)1/2]. By Lemma 2(i),
∑n

i=1 βi = bn
∫

R
qk,k′(u)In(x − ubn)du =

Op(n
1/νbn). So

∑n
i=1(αi + βi) = op(nbn) and consequently

1

nbn

n
∑

i=1

E(ξk,iξk′,i|Gi−1)
p→ [H(gk,k′)(x) −H(gk)(x)H(gk′)(x)]fX(x)

∫

R
qk,k′(u)du.

Similarly, we can show that

1

nbn

n
∑

i=1

E(γk,iγk′,i|Gi−1)
p→ H(gk)(x)H(gk′)(x)fX(x)

∫

R

qk,k′(u)du,

1

nbn

n
∑

i=1

E|ξk,iγk′,i| = O(b−1
n )E[qk,bn

(x−X0)qk′,bn
(x−X1)] = O(bn).

The Lindeberg condition is easily verified since gk and qk are bounded and nbn → ∞. ♦

Proof of Theorem 1. Recall δn = (nbn)−1/2+b2n+n1/ν−1. Let kn ↑ ∞ be a positive sequence

satisfying δnkn → 0. We first show that ∆ := µ̂bn
(x) − µ(x) = Op(knδn). Since µ̂bn

(x) is

a solution of (5), Ln(∆) = Ln/2 + Op(1). Applying the M/R-decomposition technique in

(30), we have |Ln(0) − Jn(0)| + |Ln − Jn| = Op[(nbn)1/2 + n1/νbn] = Op(nbnδn). Hence, by

(28) in Proposition 3 and Lemma 1, after elementary calculations,

Ln(knδn) = Jn(knδn) + Ln(0) − Jn(0) +Op[(nbnknδn log n)1/2 + n1/νbnknδn]

= Ln/2 + [Jn(knδn) − Jn(0)] + [Jn(0) − Jn/2] + [Jn − Ln]/2

+[Ln(0) − Jn(0)] +Op[(nbnknδn log n)1/2 + n1/νbnknδn]

= Ln/2 + nbnδnknfε(0)fX(x)/σ(x)[1 + op(1)] (34)

Since Ln(s) is non-decreasing and nbnδnkn → ∞, P(∆ < knδn) → 1. Likewise P(∆ >

−knδn) → 1. Thus ∆ = Op(knδn). Since the rate of kn ↑ ∞ can be arbitrarily slow,

∆ = Op(δn). Again, by (28) in Proposition 3 and Lemma 1,

Ln(0) − Jn(0) = Ln(∆) − Jn(∆) +Op[(nbnδn logn)1/2 + n1/νbnδn]

= [Ln(∆) − Ln/2] + [Ln − Jn]/2 + [Jn/2 − Jn(0)] − [Jn(∆) − Jn(0)]

+Op(nbnrn)
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= [Ln − Jn]/2 + nbn[b2nψKρ(x) − ∆ +Op(rn)]fε(0)fX(x)/σ(x).

The representation (13) then follows by solving the above equation. ♦

Proof of Theorem 2. The argument in the proof of Theorem 1 can be applied here. For

example, since s := µ̃bn
(x) − µ(x) = Op(δ̃n) by Theorem 1, (34) now becomes

L̃n(s, knδ̃n) = J̃n(s, knδ̃n) + L̃n(0, 0) − J̃n(0, 0) +Op[(nhnknδ̃n log n)1/2 + n1/νhnknδ̃n]

= L̃n/2 + nhnknδ̃nκ+fX(x)/σ(x)[1 + op(1)]

via (29) in Proposition 3 and Lemma 1. The rest of the proof follows the same lines as in

the proof of Theorem 1 via Proposition 3 and Lemma 1. We omit the details. ♦

Proof of Theorem 3. Since the essential idea of the proof is same as that of Theorem 1,

we only sketch necessary changes. To prove Theorem 3, the key step is to show that

(28) and (29) in Proposition 3 hold uniformly over B1 := {(s, x) : |s| ≤ ln, x ∈ T }
and B2 := {(s, t, x) : |s| + |t| ≤ ln, x ∈ T }, respectively. Here we shall only prove the

first expression since the second one similarly follows. As in (30), we use the M/R-

decomposition. By Lemma 2(ii) and the argument in Proposition 3, the R-part is of

order Op(n
1/2bnln) uniformly over B1. By Lemma 4 below, the M -part is of the uniform

order Op[(nbnln logn)1/2]. By the same M/R-decomposition technique and the argument

in Lemma 4, we can show that supx∈T [|Ln(0) − Jn(0)| + |Ln − Jn|] = Op[(nbn log n)1/2 +

n1/2bn] = Op[(nbn logn)1/2]. The rest of the proof is as same as that of Theorem 1 with

δn therein replaced by δunif
n := [log n/(nbn)]1/2 + b2n. We can similarly deal with σ̂hn

(x).

Details are omitted. ♦

Lemma 4. Let K ∈ K, ln → 0, bn → 0. For x ∈ R define

Nn(x, t) =
n

∑

i=1

[Ui − E(Ui|Gi−2)], where Ui = Kbn
(x−Xi)1µ(x)<Yi≤µ(x)+t.

Assume log n = O(nbnln) and that (10) holds. Further assume Fε ∈ C1(R) and that there

exists an ε > 0 such that µ, σ ∈ C1(Tε), infy∈Tε
σ(y) > 0 and supy∈Tε

f1(y|F0) < c0 for some

constant c0 <∞. Then

sup
x∈T ,0≤t≤ln

|Nn(x, t)| = Op[(nbnln logn)1/2]. (35)
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Proof. We shall apply the argument in the proof of Lemma 3. It suffices to verify (35) with

Nn(x, t) being replaced by N ◦
n(x, t) :=

∑

i:even[Ui − E(Ui|Gi−2)]. Let N = d(nb−3
n l−1

n )1/2e
and xi = −T + 2iT/N , ti = iln/N, 0 ≤ i ≤ N . For any x ∈ T and t ∈ [0, ln], there exist j

and k such that x ∈ [xj, xj+1) and t ∈ [tk, tk+1). Let c1 = supx6=y |K(x) −K(y)|/|x− y| +
supx∈T |µ′(x)| <∞ and

Zijk = Kbn
(xj −Xi)[1Yi≤µ(xj)+2c1T/N+tk+1

− 1Yi≤µ(xj)−2c1T/N ],

Zijk = Kbn
(xj −Xi)[1Yi≤µ(xj)−2c1T/N+tk − 1Yi≤µ(xj)+2c1T/N ].

Since |Kbn
(x−Xi) −Kbn

(xj −Xi)| ≤ 2c1T/(Nbn) and |µ(x) − µ(xj)| ≤ 2c1T/N ,

Zijk −
2c1T

Nbn
≤ Ui ≤ Zijk +

2c1T

Nbn
.

Since Fε(y) ∈ C1(R) and supy∈Tε
f1(y|F0) < c0, we have E(Z ijk − Zijk|Gi−2) = O(bn/N),

and consequently there exists a constant c2 <∞ such that

Zijk − E(Z ijk|Gi−2) −
c2
Nbn

≤ Ui − E(Ui|Gi−2) ≤ Zijk − E(Z ijk|Gi−2) +
c2
Nbn

.

For the rest of the proof, the argument for proving Lemma 3 applies here. Details are

omitted. ♦

Proof of Corollaries 1 and 2. The results follow from the M/R-decomposition technique

as in (30). The R-part is negligible under the conditions specified there. For Corollary

1, by Proposition 4, the M -part is asymptotically normally distributed; for Corollary 2,

we can extend Proposition 4 to cases with two bandwidths bn and hn by following the

argument therein. ♦
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Figure 1: Estimated drift function µ(·) (plot a) and scale function σ(·) (plot b) for the simulated

model (26). In (a), solid line is the true drift µ(x) = 0.05− 0.8x, dashed, dotted and long-dashed

lines correspond to quantile estimates of µ(·) with bandwidth bn = 0.5, 0.6 and 0.7, respectively.

In (b), fixed bn = 0.5 is used for estimating µ(·), solid line is the true scale σ(x) = 0.4(1+2x2)1/2,

dashed, dotted and long-dashed lines correspond to quantile estimates of σ(·) with bandwidth

hn = 0.5, 0.6 and 0.7, respectively.
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Figure 2: Quantile estimates of the drift function µ(·) (plots a and c) and scale function σ(·) (plots

b and d) for Pound/USD. In (a), dotted, long-dashed and solid lines correspond to bandwidth bn =

0.005, 0.010 and 0.015, respectively; in (b), fixed bn = 0.010 is used for estimating µ(·), dotted,

long-dashed and solid lines correspond to bandwidth hn = 0.005, 0.010 and 0.015, respectively;

in (c), bn = 0.010; in (d), bn = 0.010 and hn = 0.005.
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Figure 3: Sample kurtosis for the estimated innovations ε̂i. The innovations are estimated using

bandwidths bn = 0.010 and hn = 0.005. The kurtosises are obtained by binning the data and

computing sample kurtosis for each bin. Here we have used the window size 100.
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