$38% The University of Chicago
‘Wﬁ Department of Statistics
? TECHNICAL REPORT SERIES

ASYMPTOTIC THEORY FOR CURVE-CROSSING ANALYSIS

Zhibiao Zhao and Wei Biao Wu

TECHNICAL REPORT NO. 570

Departments of Statistics
The University of Chicago
Chicago, Illinois 60637

September 12, 2006



Asymptotic theory for curve-crossing analysis

By ZHIBIAO ZHAO AND WEI Biao Wu
September 19, 2006
Department of Statistics, The University of Chicago

Abstract: We consider asymptotic properties of curve-crossing counts of linear processes
and nonlinear time series by curves. Central limit theorems are obtained for curve-crossing
counts of short-range dependent processes. For the long-range dependence case, the asymp-
totic distributions are shown to be either multiple Wiener-Ito integrals or integrals with
respect to stable Lévy processes, depending on the heaviness of tails of the underlying

processes.
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1 Introduction

Let (X;)iez be a random process and p = (1;);ez be a sequence of real numbers. Define

Cn(:u) = Z 1(Xi71—ﬂi71)(Xi_ﬂi)S0’ (1)
=1

where 14 = 1 or 0 depending on whether event A occurs or not. The quantity C,,(u) is the
number of 7, 0 < i < n, such that X; 1 < p; 1 and X; > p; or X;_1 > p;—q and X; < p;.
In other words, C,, (1) is the number of times that the process (X;), crosses the sequence
()i~ Special cases of p include (i) p; = my(i/n) for some function m; on [0, 1] and (ii)
i; = mo(i) for some function my on R. These two formulations of p have different ranges
of applicability. The former is a reasonable choice if one aims to capture the feature that
the sequence being crossed is smoother than the underlying stochastic part. The latter
can be used for curves such as mq(u) = cos(u) that oscillate more heavily. See Fan and
Yao [10] (pp. 225-226) for further details on these two formulations.

When p is a constant sequence, C, () is the level-crossing count. In particular, C,,(0)
is the zero-crossing count. Level-crossing analysis has been widely used in engineering,

physics, speech recognition and other fields; see [11, 19, 20, 21, 30, 34]. For example, if
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X, = Zle[Aj cos(iw;) + Bj sin(iw;)] + e; for independent normal random variables A;, B;
and e;, then one can estimate the frequencies w; by considering the zero-crossing counts
of X; and its differencing sequences; see [21]. In the literature of level-crossing analysis,
attention has been mainly focused on the mean number of crossings of processes at fixed
levels. For example, Benzaquen and Cabana [1], Bulinskaya [2], Rice [31] and Ylvisaker [45]
considered stationary Gaussian processes with continuous sample paths. In [21], asymp-
totic means and variances are obtained for level-crossing counts by Gaussian processes.
More recently, Shimizu and Tanaka [35] obtained the expected number of two-level level-
crossing counts by stationary ellipsoidal processes and Kratz and Ledn [22] established an
Hermite expansion for level-crossing counts by stationary Gaussian processes. For statisti-
cal inference including confidence intervals construction and hypothesis testing, however,
it is desirable to have an asymptotic distributional theory for C,(x). In the context of
level-crossing counts, Cuzick [4] and Kedem [21] obtained central limit theorems (CLT) for
Gaussian processes and Wu [40, 41] considered linear processes.

This paper aims at establishing an asymptotic distributional theory for C), () for non-
constant sequences . Such results can provide an inferential theory for statistical anal-
ysis using the curve-crossing method. For the number of curve-crossings by stationary
continuous-time Gaussian processes, Slud [36] gave a multiple Wiener-It6 integral repre-
sentation; Kratz and Ledn [23] derived an Hermite expansion and applied their results to
the specular points problem proposed in [26]. These results can not be directly applied to
discrete time non-Gaussian processes. Here we shall consider linear processes with finite
or infinite variances and some popular nonlinear time series. For processes with infinite
variances the classical spectral and time domain approaches seem inappropriate and the
curve-crossing analysis provides a useful alternative.

In this paper we consider stationary processes of the form

Xn == g(é?m En—1y-- -)7 (2)

where ¢ is a measurable function and ¢;, ¢ € 7Z, are independent and identically dis-
tributed (iid) random variables. The framework (2) does not seem to be overly restrictive.
The Wiener-Rosenblatt conjecture states that, for every stationary and ergodic process
(Xk)kez, there exists a measurable function ¢ and iid €; such that the distributional equal-
ity (X&)kez =p (9(€ks Ek—1, - - .))kez holds; see [17, 33, 39].
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We now introduce some notation. Denote by Fy and F' the distribution functions
of Xy and (Xo, X1), respectively, and let G(z,y) = P[(Xo — z)(X; —y) < 0]. Assume
throughout the paper that F' is continuous. Then G(z,y) = Fx(z)+ Fx(y) —2F (z,y). Let
Fn = (€nyEn—1,-..) be the shift process and F) = (e,,...,€1,€(,€-1,...) a coupled process
of F,,, where (€});cz is an iid copy of (&;);ez. For a random variable Z write Z € L9, ¢ > 0, if
1Z]|4 := [E(]Z]9)]"/? < 0o. Define the detail projection P,Z = E(Z|F,)—E(Z|Fyp_1), k € Z.
For a,b € Rlet a Ab = min(a,b),aVb=max(a,b) and a™ = a V0. For two real sequences
(an) and (b,), write a, = O(b,) if there exists a constant ¢ such that |a,| < ¢|b,| for
large n and a, = o(b,) if lim, . a,/b, = 0. For a real function g(z,y) and integers
r > s > 0, denote by ¢g"* the partial derivative 9"g(z,y)/02°0y"~* if it exists. Denote
by CP = {g : sup, ,er |9"* (%, y)| < 00,0 < s < r < p} the set of bivariate functions with
bounded partial derivatives up to order p.

The rest of the paper is structured as follows. We present main results in Section 2,
where applications are made to nonlinear time series, long-memory linear processes and
heavy-tailed processes which are widely used in practice. The limiting distributions are
shown to be normal or non-normal, depending on the heaviness of the tails and the strength

of dependence of the processes. Proofs are given in Section 3.

2 Main Results

Asymptotic behavior of C,,(u) should certainly depend on the underlying process (X;) and

the sequence (j1;). A general central limit theorem is given below.

Theorem 1. Assume that, for each fized integer k, the limit

o1
lim —
n—oo M,

ZCov[l(Xo—mq)(Xl—ui)SO? 1(Xk—Hi+k71)(xk+1—ﬂi+k)§0] =" (say) (3)
i=1

exists. Further assume that F(-,-) is continuous and that

Z(SZ < 00, where §; = sup ||P01(X¢71—x)(X¢—y)§0H2' (4)
i—0 z,yeR

Then 02 := 177 < 00, [|Co(p) — ECy,(p)||3/n — 0 as n — oo and

Crn(p) — EC, (1)
\/ﬁ

= N(0,0?%). (5)



In Theorem 1, (4) is basically a short-range dependence condition. In Sections 2.1 and
2.2 we shall verify (4) for nonlinear time series and short-range dependent linear processes.
For long-range dependent processes, (4) is violated and the limiting behavior of C),(x) has
more detailed structures; see Section 2.3. Condition (3) is imposed in such a way that it

can allow various forms of u; see Examples 1 and 2 below.

Example 1. For the level-crossing case with p; = ¢, we have v, = cov(Vy, Vi), where
Vi = L(xi—e)(Xis1—e)<0- 1f p1; = mq(i/n), where my is a piecewise continuous function on

[0, 1] with finitely many jumps, elementary calculations show that (3) holds with

1
= / COV (g —ms (0] (X1 —ma (] <05 L[Xp—ms (][ X1 —ma (9]0 F- (6)
0

Example 2. Let p; = cos(2nwi) for some w € R. If w = a/b is a rational number with

a,b € N, then elementary calculations show that (3) holds with
L
=3 Z V(Vo,s Vi), where Vi = 1ix, —cos(2ruw(i+j—1))][Xis1—cos(2mw(i+j))]<0- (7)

If w is irrational, then the sequence (iw);en, is uniformly distributed modulo 1 [24]. Hence
for Zi(u) = Xy — cos[2m(u + kw)], by Theorem 1.1 in [24] we have

1
Vi = / cov(1zo(w) 21 (w)<0s 12, (u)Z4 41 (wy<0)du. (8)
0

Remark 1. To apply Theorem 1, one needs to estimate the limiting variance 0. For
stationary processes the latter problem is closely related to the long-run variance estima-
tion. Unfortunately, due to the non-stationarity of Z; = 1(x, | 1)(x,— <o — G (i1, i),
the estimation of o2 is not straightforward. Let G be an estimate of G. For example, we
can take G(z,y) = n~*! Y iy 1ixi 1 —a)(xi—y)<o0- As the proof of Theorem 1 (cf Section 3.1)

suggests, one can propose the truncated estimate

1 ~ A N
- Z Zj1|i—j|Sk’ where Z; = 1(Xi71—ﬂi—1)(Xi—ﬂi)S0 - G(:ui—lv :ui>’
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Here k = k,, satisfies k — oo and k/n — 0. We conjecture that, under (3) and (4), 67 — o2

in probability. It is also unclear how to choose optimal k. &



Remark 2. Recall that (£});ez is an iid copy of (£;);cz. Let h be a measurable func-
tion such that Y,, = h(e,,e,-1,...) € L7 for some ¢ > 1. Then (4) suggests a way of
defining dependence in the sequence (Y, )nez @ 9i(q) = ||PoYi|lq ¢ > 0; see [43]. Note that
E(Y;|F_-1) = E(Y/|Fo), where Y/ = h(F]). By Jensen’s inequality, d;(q) < ||Y;=Y/|, =: wiq

(say). Dedecker and Prieur [5] considered the following coupling coefficients:

Wiqg=Yi = Y|ly, where Y =h(e;, ... 1,60, 4,...). (9)

7

The difference between the two coupling versions Y/ and Y;* of Y; is that the former
replaces gy with &), while the latter replaces e; with &/ for all i < 0. By triangle inequality,
Wig < Y io;wjg See [5] for more details. It seems difficult to use their dependence
coefficients to obtain results derived in the current paper, especially when the process

exhibit long-range dependence. &

2.1 Nonlinear Time Series

Let ¢; be iid random variables and define recursively
Xn = Ren(Xn—l)a (1())

where R.(-) = R(-,¢) is a measurable random map. Many popular nonlinear time series
models are of the form (10), for example, threshold autoregressive model [39]: X, =
a(X,—1 V0) + b(X,—1 A0) + &,, autoregressive conditional heteroscedasticity (ARCH)
model [9]: X, = £,+/a2 + b2X2_,, random coefficient model [29]: X,, = (a+be,)X,_1 +¢5
and exponential autoregressive model [13]: X,, = (a + be~X"-1)X,_; + &, among others.

For properties of iterated random functions see [25, 28, 7, 8].

Proposition 1. Assume that there exists xg and o > 0 such that

[Rep () — Ry (2')|la

R.,(x9) € LY and p:= SEE " <1 (11)
Further assume that, for some p > 2,
sup | Fx (z +t) — Fx(x)] = O[(log |t|™") 7] as t — 0. (12)

z€R

Then (4) holds.



Proof. Recall F,, = (en,€n-1,...) and F), = (€, ..., €1,60, €1, . ..), where (£});ez is an iid
copy of (&;)iez. Define the coupled process F = (ep,... 1,60, 4,...) with g;, i <0,
in F, replaced by ¢;. By Theorem 2 in [44], if (11) is satisfied, then X, has a unique

stationary solution of the form (2) with the function g satisfying
[ X0 = g(Fo)lla = O("). (13)
Let X = g(F}), X; = g(F}) and k; = sup, [[1x,<2 — 1x/<q|l2. Since
Ell(x,—e)xi—p<olF-1] = E[lx:_ | —ayxi—y)<ol F-1] = E[1(x1_ —ayxr—y) <0l Fol,
by Jensen’s inequality,
|Pol(x,_s—a)(xi—m<oll2 < [11x,_1—a)(xi—g)<0 — Lxr_ —a)xt—y<olle < 2(ki + ki—1).  (14)

Note that [[1x,<; — Ixr<slle < I1xi<e — Ixs<all2 + [[1xip0<0 — 1xz, <all2- Let 7= pl/(22)
By (12) and (13),

P(X; <2,X; >2) < P(X, <X >a,|X; — Xi| <) +P(X; - X,| > 1)

<
< P(X; -2 <7+ TUE(X] - X|?) = 067 + 9%
So Y ooy ki < oo and the proposition follows from (14). o

Example 3. Consider the ARCH model X,, = ¢,1/a? + b2X,,_1, where ¢;,i € Z, are iid

innovations and a, b are real parameters. If eg € L* and |b|||eg||o < 1, then (11) hold.

2.2 Short-range dependent linear processes

Let &; be iid random variables with g € £9, ¢ > 0. Assume E(gy) = 0 if ¢ > 1. For a real

|q/\2

sequence (a;);>o satisfying Y .2, [a;|?"? < oo, the linear process

Xn = f:aian_i (15)
1=0

is well-defined and is strictly stationary. Special cases of (15) include ARMA and frac-
tional ARIMA (FARIMA) processes. For m < n define the truncated processes X, ,, =
Z" o ajen—jand X, . = Z;’in_m ajén—j. Note that X,, = X, i1 + X, ,,, and the two

summands are 1ndependent. Denote by Fj, the distribution function of (X1, X11-k)-
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Proposition 2. Let gg € L9,q > 0. Assume that F,, € C' for some k € N. Then (4) holds
provided that

o0

Z |a;| 9?2 < 0. (16)
i=0
P’f’OOf. Let L,(ZL’, y) = 1(Xi71—1‘)(Xi_y)§0_G(’I‘7 y)v Gj(x> y) = Fj($v OO>+FJ(y> OO)_2F3($7 y)v
X'io=X,0+a;(eh — o) and go = ¢ A 2. For i > s+ 1, by Schwarz’s inequality,

[PoLi(z,9)ll2 = [B[Gi—1(z — X, 10,y — Xip) = Gica(z = X1 0,y — X50) | Folll2
< |Gica(w — X:’—l,m Yy — X:’,O) —Gi(z — 52—1707 Yy — X;,o” 38/2
= Olai—1 | + |a;|*/?)

since by Lemma 3, GZ(-I_’}) and GZ(-I_’?) are bounded. So (16) entails (4). &

Proposition 2 allows innovations with heavy tails, in which case the traditional covari-
ance based spectral and time domain approaches are not directly applicable. If ¢ = 2, then

(16) becomes Y7, |a;| < oo, a classical condition for short-range dependence.

Example 4. Let ¢y € £9,¢q > 0. Consider the ARMA(k, p) process X,, — Zle 0iXn_i =
En + Z§:1 Yjen—j;, where @1, ..., ok, ¥1,...,1, are real parameters. If all the roots of the
equation 1 — Zle @;x" = 0 lie outside of the unit circle, then X, = >~ a;e,—; with
la;| = O(\") for some X € (0,1) and thus (16) holds. &

In Proposition 2 and Theorem 2 in Section 2.3, we assume that, for some k € N, F),
has bounded partial derivatives of certain order. Assume without loss of generality ag # 0.
Clearly, if the distribution function of €3 has bounded derivatives up to order p, then so

does F;. An interesting example is the stable distribution with characteristic function
o(t) = Elexp(v/—1teg)] = exp(v/ —1t — v|t|*), where § € R,y > 0,a € (0,2].

Here y/—1 is the imaginary unit. By the inversion formula, €y has bounded derivatives of

all orders. Examples 5 provides other sufficient conditions under which F, € CP.

Example 5. Let ¢(t) = Elexp(v/—1teg)], t € R, be the characteristic function of &.
Assume that for some A\ > 0 and ¢ < oo, |¢(t)| < ¢/(1+ [t|}) (see [12]). Further assume



that N = {a,/a,_1 : a,_1 # 0,n € N} contains infinitely many different elements. Then
for any p, there exists k € N such that F}, € CP. To this end, let

(bk(tl; tz) _ E[e\/__l(thO,17k+t2X1,lfk)]7 t,ts € R,

be the characteristic function of the vector (Xo1_x, X1,1-%). By independence,

k k+1
c
Pr(t1, t2)| = [(aot2)| | | [@(airts + aita)| < .
11:[1 [T (1 + Jaiaty + agts] ]
Since N has infinitely many elements, there exists a subsequence n;,j = 1,2, ..., such that

Un;—1,0n; 7# 0, bj 1= an;/ay,—1 # 0 and b; # by if j # j'. Simple calculations show that

there exists p; > 0 depending on a,; 1, y;, an;,, -1 and a,,,, such that
[1+ an,—1t1 + antaM[L 4 |an,,y—1t1 + @y, 8] > 1+ pi([ta] + [t2])

Let r, = min< p; > 0, k = ng, with k = [4p/\] +4. Then |d.(t1,t2)| < 1+ rp(|ta] +
|t2])*]7%. By the inversion formula, F,, € C? since kX > 4p.

2.3 Long-range dependent linear processes

In this section we shall study the linear process (15) with a, = n=°L(n), where 3 > 1/2
and L is a slowly varying function, i.e. for every A > 0, L(An)/L(n) — 1,n — oo. Let
E(e3) < oo and 3 < 1. By Karamata’s theorem, the covariances E(X,X,,) are of order
n'=28L2(n) and not summable, suggesting long-range dependence. The case of 3 > 1 is
covered by Proposition 2. In the long-range dependence case, the behavior of C,(u) is
much more complicated. Here we shall establish an asymptotic expansion of C),(1).

For » > 0 and a differentiable bivariate function ¢, define

T

Alo)a) = 3 o) (17)

1=0

if it exists. Recall that G(x,y) = Fx(z) + Fx(y) — 2F(x,y). Let

ZL (i 1, pisp) = +ZZ D™ A(G) (piz1, i) Ui(r), (18)

i=1 r=0



where

Li(z,yip) = Lxii—a)(xi- y<0+z D A(G) (@, y)Ui(r), (19)

U(r) = Y. Hajs&'—js and U;(0) =

0<j1< < jr 5=1
Note that U;(r) is a rth order polynomial in ;. Intuitively, S, (u; p) can be viewed as the
pth order Taylor expansion of C,,(11); see [14, 42] for the univariate case.

The long-range dependence case results in non-central limit theorems with limiting
distributions being multiple Wiener-1t6 integrals (MWI, [27]) or integrals with respect to
stable Lévy processes. Let W (u) be a standard two-sided Brownian motion. For a > 1/2,
nonnegative integer £ < 1/(2a — 1) and a bounded function f, define the MWI

Hiolf) = Ak, a) /Rk/o f(t) H[(t — ;)] dtdW (uy) .. dW (uy,),

where A(k,a) is a normalizing constant such that |[|[Hy.(fo)ll2 = 1 with fy = 1. Let
Zyg(u),u € R be a two-sided stable Lévy process with index d. We say that ¢; is in the
domain of attraction of stable law with index d € (1,2) (denoted by €; € D(d)) if there
exists a slowly varying function L. such that n=Y4L-1(n) 3" &, converges in distribution

to a stable law with index d.

Theorem 2. Let pi; = my(i/n), where my is a piecewise continuous function on [0, 1] with
finitely many jumps, and a,, = n=PL(n), where 3 > 1/2 and L is a slowly varying function
satisfying L(n + 1)/L(n) = 1+ O(1/n). Assume that for some € N, F, € CP*2. (i)
Assume g9 € L9, ¢ > 2 and 26 € (1,1+ (p+1)7Y). Let S,(u;p) be as in (18). Then

Sy p)
1-(p+1)(8-1/2) Lrt1(n)||eq H‘;H

= (=1 Hp1,6(8p1(G) (ma (), ma ()] (20)

(ii) Let €; € D(d), d € (1,2). Assume that 1/d < < 1. Then there is a slowly varying
function Ly such that

Cn(1) — ECy( 5-1) / / G (ma (u + £), ma (u + )t PdtdZy(w).

nl- B+1/dL1(

As a special case of (20), let p = 0. Then C,,(n) — EC, (1) = S, (p;0) is asymptotically

normal with a non-y/n norming sequence n*?>=9L(n)||eo||z.
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Example 6. Consider the FARIMA(k,6,p) process X,, given by ¢(B)(1 — B)?X,
Y(B)e,. Here p(x) = 1 — % o’ and ¢(z) = 1+ 3P ¢z’ are two polynomials
of degrees k and p, respectively, B is the backward shift operator defined by B’X, =
Xn-j,j >0, and 0 € (—1/2,1/2). Let I'(z) = [ t"'e~'dt be the gamma function. In
the simple case of p = k =0, we have X,, = > "% a;e,—;, where

F(n+60)  _q_gln+0n~"
an—m—n ( )m.—n A=9L(n). (21)

By the Stirling formula I'(z) = v2re 2"~ 1/2[1 +O(1/z)],r — oo, we can show that L(n)
is a slowly varying function satisfying L(n + 1)/L(n) = 14+ O(1/n). If 8 € (0,1/2) or
equivalently §:=1—60 € (1/2,1), then X, is long-range dependent. So Theorem 2 holds
with FARIMA(0, 0,0) process under the conditions specified therein. Furthermore, by a

similar but more tedious argument, it can be shown that Theorem 2 also applies to general
FARIMA(k, 6, p) processes provided that ¢(z) # 0 for all complex |z| < 1 and (1) # 0.

3 Proofs

In this section, ¢ and ¢, stand for generic positive constants which may vary among lines.
Recall F,, = (ep,€n-1,...), F,, = (€n,...,€1,€0, F-1), and the detail projection operator
Pr =E(:|Fp) —E(-|Fr_1),k € Z. Form < nlet F™ = (ep,En1,--+,Em)-

3.1 Proof of Theorem 1.

Let Lz(x>y) = ]-(X¢71—m)(Xi—y)§0 - G($7 y)v Sn(:u) = Cn(:u) - ECTL(IU“) and ZZ = Li(ui_lﬁ ,ul)

For r > 0, since P;, j € Z, are orthogonal projections, we have

(3 Pa)( 3 %)H

_ Z E[(P;Z:)(P; Ziyn)]| < Z 0icj0isr- ]<Z55J+r (22)

]_—OO ]_—OO

[cov(Zi, Zir)| = [E(ZiZiyr)| =

in view of Schwarz’s inequality. By (4), 0* < 37, ., || < oo. For k € N write
1 1 1
- Sn 5=— ZiaZi’ - Ziazi’ = An I k-
Yo =L S oz zo)+ L Y covlZ ) = Lt

li—i'|<k li—i!|>k

10



Let s = ngk ¢ and t, = Z‘;‘;k d;. By (3), limy, o0 Iy = Sg. SO

limsup [||S,|[3/n — 0% < limsup |z — 8| + limsup | J, x| + [0 — si

n—oo n—oo n—oo
o o0
< Z 225j5j+r + |o? — si| < 2oty + |0 — sp|.
r=k 7=0

Let k — oo we obtain lim, ., [|Su|l3/n = 0® = 37,75 If 0® = 0, then the central limit

theorem (5) trivially holds. In the sequel we assume o2 > 0. For m € N let
Lim(z,y) =E[1(x, s <0|~7:Z " = G(z,y).

Define S, m = Z?—l Lz’m(,ui_h Mz‘) Dijm = Pi—j [L'(,uz'—h /M) - Li,m(,ui—lv Mz)] and

Z@m, where 8, = sup | Po[Li(2,y) — Lim(x,y)]|2- (23)
i—0 z,yeER
Next we show the identity POIE(X|]-"i_j) = E[(PoX)|Fe7’], 4,5 > 0. If i > j+ 1, then both
sides are zero. If i < j, since f is independent of 7,7 ;, we have

PE(X|F ) = EEX|F)|F] - E[E(X|F )1 F]
E[E(X| )| ] - EE(X |7 )17
= E(X|77) - B(X|FL) = E[(PoX) |75 7).

Applying the preceding identity with X = L;,,(x,y), we have by Schwarz’s inequality
that sup, , [|PoLim(z,y)[l2 < & for all m > 0. So d;,, < 26;. On the other hand, d;,, <
Sup, yer | Li(2,y) — Lim(7,y)|l2 = mm (say). Therefore 6;,,, < min(26;,7,,). By Theorem
7.4.3 in [3], for any z,y, lim,—c || 1xo<ex1<y — E(Lxo<zx,<y|F1 ™)||2 — 0. Hence by the
continuity of F', we have sup, , [1x,<z.x,<y — E(1x,<o,x,<y/F7 ™)l[2 — 0 as m — oo. So
lim,,, oo 7 = 0, and by the Lebesgue dominated convergence theorem, lim,, .., A,, = 0.

Since {D; jm 1, form martingale differences with respect to F;_; and || D; jmll2 < dim,
1> Dijmll2 < v/ndjm. Let LIM denote limsup,,_, ., limsup,,_, .. Then

Sn m||2 LIM || Z?:l Z]O.;O Di,jva?

Sn(#) = Sn,
L) (M)\/ﬁ _ =
SRS Dunls

Vn m—oco
Since 02 > 0, for sufficiently large m, liminf, ... ||Sn.nl[3/n > 02/2 > 0. By the central
limit theorem for m-dependent random variables (cf. [16] or [32]), Sy.m/||Snmll2 = N(0, 1).
Hence S, (u)/o = N(0,1). O

< LIM
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3.2 Proof of Theorem 2

To prove Theorem 2, we need some lemmas. Lemma 1 is a simple consequence of Rothen-

sal’s inequality (cf Theorem 1.5.11 in [6]). Details are omitted.

Lemma 1. Let 1 € L7, v > 0 and E(e1) = 0 if vy > 1; let v/ =y A2 and " = vV 2.
Then there exists a c, such that B| Y7 bies|" < ¢, (30, |b:|")"/2 holds for all b; € R.

Lemma 2. Let f € C2. Then there exists a constant ¢ < oo, depending only on f, such
that for all v € [1,2] and x,y, 01,02 € R,

2

(2 401,y +6) — fla,y) — D (2, 9)6 — fOO (2, 9)8| < CZ(WP + L5, p>1)-
i=1
Proof. Let T' = T(x,y,01,8,) = f(x+ 81,y + ) — f(z,y) — [PV (z,9)6 — FEO(z, y)d,.
If |61] < 1,]02| < 1, by Taylor’s expansion, |T| < c(|61|> + |02)%) < c(|61]7 + |2]7). By the
boundedness of f, f(:) and 10,

1T 15,151 0601<1 < (1 +[01]) L5 1 151<1 < (|17 + Ljsy>1)-

We can similarly deal with |T'|1;5,<1,55/>1 and |T'|1js,>1,(s,)>1- S0 Lemma 2 follows. &

Recall that X, ,, = Z;‘;n_m ai€n—js Xnm = Z;L:_(T aje,—; and that Fx, F' and Fj, are

the distribution functions of Xy, (Xo, X1) and (Xo1-x, X11-k), respectively. For ¢ > 2 let
¢ =qgN4,An(k) =227, lail”, Bu(k) =327, lai — ain|*,

Orpa = |an = @n] + lan] ™72 + aa [A52(2) + A2(d) + B,*(2)], (25)

n — _ 2 e e} 2
Onpq = Zk:l Ok pq and =, = nO + Zi:l(@nw’,p,q — 0ip4)°. Lemma 4 extends

n?p?q
Lemma 10 in [42] to the bivariate case.

Lemma 3. Assume that F,, € CP for some k,p € N. Then F,,(z,y), F(x,y) € CP for all
m > k. Furthermore, for alln >0 and 0 <~ <r <p,

n+m—1 n+m

j=m

j=m+1

Fo(ay) = BFGY (0= el = Y agel,). (26)

12



Proof. For r = 0, a conditioning argument entails (26). For r > 1, (26) follows from the
Lebesgue dominated convergence theorem. See Lemmas 6 and 7 in [42] for the details of

the proof in the univariate case. &

Lemma 4. Let L,(z,y;p) be as in (19). Assume that e € L9,q > 2. Let ¢ = q N 4.

Further assume that F,, € CP* for some integer k > 0. Then
sup || P1Ln(x, y; p)ll2 = O(np,q)-
z,y

Proof. For notational convenience we shall often drop the arguments x, y. For example, we
write F' = F(z,y). Let L (p) = 1x, <exn<y + 2 oo —1) T A(F)(z,y)Un(r). It suffices
to show that sup, , [|PiL;(p)|| = O(0np,). We shall adopt the argument in the proof of

Lemma 9 in [42]. As in [42], we may assume n > k + 1. For m < n, let

*

U = Unm = (SL’ - Xn,mvy - Xn—l—l,m)? Uy = u* (‘T - Ximn?y Xn+1 m>

where X, =% aje,_; is a coupled process of X, .. For0 <y <r—-1<p-1,

j=n—m n—j

since 1 < ¢'/2 < 2, by Lemmas 2 and 3,

[T (ug) = ES=8 (wg) + E) (wg)ag—161 + 5 (wo)anes |3
= O(lap_1]" +]a,|?). (27)

By Lemma 3,

FU 9 (uy) = E[FS (w1 — (anoiel, aneh)) + FUT Y (w)anoiel + F2P (wn)ansh | Fi.

n n n

Thus, by Schwarz’s inequality and Lemma 2,

IES 7 () — BS99 ()2 < JES Y () — FY (g — (a16), ane)))

— F" Y () a1} — FD (uy)ane!] |2

= O(lan-|" +lan|"),
which together with (27) gives

IESS M (wr) — ES29 (ug) + EC7 D (wg)ag 161 + FS (ug)ane: |2
= O(lan_1]" +]a,|?). (28)

13



For 0 < v+ 1 <r < p, define

n

M = A [F (ug)] + Zp:(—1)”’"“Ai_r+1(F(H’”)E[Unﬂ(i — )| Fo-
We shall use the induction argument to show that
sup || M3 = O[A51(2) + Au(d) + Ba(2)]. (29)
Y
When r = p,
1M N3 < 2| F ) (wo) — FUTD (@, y)[I5 + [ E7 (wo) — FOV (2, y)[3].

By Schwarz’s inequality and Lemma 3,

1ES (o) = FO (@, )13 = ELET (uo) — E (ug) | Fol I3
< IET (uo) = B (ug) 13 = O[Aa(2)). (30)

Similarly, | F\™7 ) (ug) — Fr+) (2, )12 = O[A,(2)]. So (29) holds for r = p. Now suppose
it also holds for some r < p and we consider r — 1. Note that for any j > 0 and v < r — 2,

P [FU2 (ug)] = A [FCP (usy) — FUEY (usy). (31)

n+j
It is easily seen that
[Py M o < 1a(5) + Jn(G) + langjrn — anyl,
where

() = [P M [ET™7 (o)) + A FLG (e yo)ansse

r 1 ! !
+Aq] n+]+¥) (ujo1)|ansjr1e—jllz = Ol ans;|7? + anss1|*7?)

by (28) and (31) and

Jn(j) = ||A1[ WESAY (i) an e
+ Z (=)™ Ao [FOPDNPE[ U (i — 7+ 1) Fol |-
i=r—1

Note that P_;E[U,11(i — r + 1)|Fo] = antjr16—jE[Unst1(i — r)|F_;—1] if ¢ > r and it
vanishes if i = 7 — 1, and the decomposition A;_, o(FT=27) = A; . 1[A(FO=27)].

14



+1 r—1 r—1
Then Ju(j) < clanga 1M o+ 1M 1), Since M = 5232, P My ™ and
P;,j € Z, are orthogonal projections, the induction is completed by observing that

1MV = ZHP—] b

< 3 Z[In(])2 + Jn(])2 + clany i1 — an—l—jm
=0
= O[A}"%(2) + An(d) + Ba(2)]. (32)
Lemma 4 now follows from (28) and (29) in view of

IPiLy (D)2 = [ Faei(ur) = Fp(uo) + F8Y (wo)an—ie1 + F8(ug)ane
—anale(Ll’O) -+ Fr(Ll’l) (Uo)(an — (ln_l)éfl H2 (33)

¢

Recall (18) for S, (u; p). Proposition 3 below presents a reduction principle for S, (u; p).
Reduction principles are useful in proving asymptotic distributions for the long-range de-
pendent case (cf Theorem 2). See [15] for recent contributions of reduction principles. The

results in the latter paper are not applicable here.

Proposition 3. Let g € L%, ¢ > 0. Assume that F, € CP*' for some integer k > 0.
Let a, = n PL(n), where 8 > 1/2 and L is a slowly varying function satisfying L(n +
1)/L(n) =14+ O(1/n). (i) Assume ¢ > 2 and q > 2/B. Then sup,, ||Sn(u; p)lll2 = O(v/n)
i (4 1)(26—1) > isup, [5a(s; p)ll: = O(VA) Xy IIPH(0) /i f (p+1)(28—1) = 1 and
sup,, || Sy (1 p) |2 = O[n!~@HDE=YD L2+ ()] if (p+1)(28 — 1) < 1. (ii) Assume q € [1,2)
and 5 € (1/q,1). Then for any v € (1/5,4]

SUpHS (1 )l = O/ +0=Far)” ZILW )| /i ntrr e QWZW @)1/

i=1 i=1
Proof. (i) Let A, = sup, , [|P1Ln(z, y; p)|l2- Note that S, (u;p) = > 27 PjSn(p;p). Since
P;,j € Z, are orthogonal projections and P;L,(x,y;p) = 0 for j > n + 1, we have by
Lemma 4 that

1Sl = S IPSGeplE< S E{Z Pl minl sy }

z Jj+1

j=—00 j=—00 i=1Vj i=1Vj
n n 9 n n 9
< E : [ E : )‘i—j+1] < § [ E 9i—j+l,p,q} = O(:n,p,q)-
j=—o00 i=1Vj j=—o00 i=1Vj

15



The argument in Lemma 5 in [42] shows that
Eppg = 0(n Z L p+1 \/2 or O[ -(p+1)(28 1)L2(p+1)(n)]

if (p+1)(28—1)>1,(p+1)(28—1)=1or (p+1)(28—1) < 1 holds respectively. Then
we have (i).

(ii) The argument in the proof of Lemma 4 can be applied here to show that

sup | P1Ln(z, y; Dy = Oflan — an—1| + [an|?" + |a,|AYY (V)]
x7y
= O[n=PIv LI (n) + n=28+v L2 (n)], (34)

where the second equality follows from Karamata’s theorem. For example, since 1 < ¢/v <

2, (27) now becomes
1F(ur) = Fo(uo) + FMY (ug)an—rer + F (ug)ansn|ly = O(|an-1]? + an|?)
in view of Lemma 2; (28) now becomes
1F-1 (1) = Fo(uo) + F{Y (uo)an-1e1 + F{™0 (uo)ane ||} = O(lan-1]* + |an|);
when p = 1, by the argument of (30), we have
1MUY = (1A [Fa (o) = F(z,9)]ll; = O[An(v)]

in view of Lemma 1. So (34) follows from (33). By the von Bahr-Esséen inequality,

ISuG DI < 2 3 [PiSalm Dl <2y [Z up [PiLic (9 D

j=—00 j=—00 1= 1\/3

= O(n'tt=P0" [Z LI )| i)Y 20T [Z |1L2(0)l/]")

%

Proof of Theorem 2. (i). By Proposition 3, if (p +2)(260 — 1) < 1, ||Su(p;p + 1|2 =
Oln!=rE=ALr2 ()]s i (p+ 1)(28 — 1) < 1 and (p +2)(26 = 1) = 1, [[Su(pp +
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Dz = ORI+ X0 |L1(0)|/i). In either case, [|Su(:p + Dlls = 00 1), where

Oppr1 = nt=PHIG=1/2) [p+1(n) Thus
Sp(;p) = Su(pip) — Sn(psp+ 1) + 0p(Onps1)
= (-1t Z Api1(G) (i1, ) Ui(p + 1) + 0p(0npy1)-
=1

We complete the proof by noting that
> i1 Api1 (G) (pim1, i) Ui(p + 1)

1
Urz,1r7+1||€o||l2)Jr

= Hp1,5[8p41(G) (ma (), ma ()],

which follows from the argument of Theorem 5.1 in [38] (see also Theorem 2 in [37]).
(ii). Let £, = n'=#*Y4L(n)L.(n). Using the argument in the proof of Theorem 5.1 in

[18], we can show that

2oy A1 (G) (i1, i) X j/_l [/(_1_; AI(G)(ml(u—|—t),m1(u+t))t_6dt]dZd(u).

(1—-08)l,
Since d € (1,2) and 1/d < § < 1, for
B 38d — 1 d B 2 d
”_max{,e(ﬂd+ 1)’5(1+d—ﬁd)} andc_ma"{gdﬂ’ 1+d—ﬂd}’

we have 1/6 <n < dand ¢ > 1/5. Choose q € (n,d). Then ¢ < (Bqg—1)/(8—1/d) < q.
Further choose v € ((, (B¢ —1)/(8 —1/d)). Then 1/v + (1 — Bq/v)" <1 -+ 1/d and
1/v+(1+1/v—28)" <1—p+1/d. Since L is slowly varying, by the argument of
Lemma 5 in [42], both Y7 | [L¥¥(i)|/i and Y| |L*(i)|/i are slowly varying functions. By
Proposition 3 with the above constructed ¢ and v, ||S,(u;1)||, = o(¢,), which completes
the proof since S, (1;0) = Sp(p; 1) = >0 A1 (G) (pti1, i) Xii. o
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