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Abstract: We consider asymptotic problems in spectral analysis of stationary causal
processes. Limiting distributions of periodograms and smoothed periodogram
spectral density estimates are obtained and applications to spectral domain boot-
strap are made. Instead of the commonly used strong mixing conditions, in our
asymptotic spectral theory we impose conditions only involving (conditional) mo-

ments, which are easily verifiable for a variety of nonlinear time series.

1 Introduction

The frequency domain approach to time series has been extensively used; see
Grenander and Rosenblatt (1957), Anderson (1971), Brillinger (1975) and Priest-
ley (1981) among others. An asymptotic distributional theory is needed, for exam-
ple, in hypothesis testing and in the construction of confidence intervals. However,
most of the asymptotic results in the literature were developed for strong mix-
ing processes and processes with quite restrictive summability conditions on joint
cumulants [Brillinger (1969, 1975) and Rosenblatt (1984, 1985)]. Such conditions
seem restrictive and they are not easily verifiable. For example, Andrews (1984)
showed that, for a simple autoregressive process with innovations being indepen-
dent and identically distributed (iid) Bernoulli random variables, the process is
not strong mixing. Other special processes discussed include Gaussian processes
[Slutsky (1929,1934)] and linear processes [Anderson (1971)].

There has been a recent surge of interest in nonlinear time series [Tong (1990)
and Fan and Yao (2003)]. It seems that a systematic asymptotic spectral theory
for such processes is lacking [Chanda (2005)]. The primary goal of the paper is

to establish an asymptotic spectral theory for stationary, causal processes. Let

! Mathematical Subject Classification (2000): Primary 62M15; secondary 62M10.
Key words and phrases. Cumulants, Fourier transform, frequency domain bootstrap, geometric
moment contraction, lag window estimator, maximum deviation, nonlinear time series, peri-

odogram, spectral density estimates.



(en)nez be a sequence of iid random variables; let
Xn=G(...,en-1,€n), (1)

where G is a measurable function such that X,, is a proper random variable. Then
the process (X,,) is causal or not-anticipative in the sense that it only depends
on F, = (...,en—1,€n), not on the future innovations €,,41,&,+42,.... The class
of processes within the framework of (1) is quite large. For example, it includes
linear casual processes and some widely used nonlinear processes; see Section 5 for
some examples.

Assume throughout the paper that (X, ),ez has mean zero and finite covariance
function r(k) = E(XX}), k € Z. Let i = /=1 be the imaginary unit. If (X,,) is

short-range dependent, namely

> Ir(k)] < oo, 2)
k=0

then the spectral density

1 ik
JO) =53 r(k)e™, A€R, (3)
keZ
is continuous and bounded. Given the observations X1, ..., X, let
n . 1
S, (0) = kz_lxkelk" and I,,(f) = 27T—nysn(e>)y2 (4)

be the Fourier transform and the periodogram, respectively. Let 0, = 2nk/n,
1 < k < n, be the Fourier frequencies. Major goals in spectral analysis include the
estimation of the spectral density f and the asymptotic distribution of S,,(#) and
I,,(9).

Now we introduce some notation. For a vector x = (z1,---,24)" € R, let
lz| = (0, 22)'/2. Let € be a random vector. Write & € LP (p > 0) if ||¢]|, :=
[E(€P)]YP < oo and let || - || = || - |[2. For & € £! define projection operators
Pré = E(&|Fr)—E(&|Fr—1), k € Z. For two sequences (ay,), (b,), denote by a,, < by,
if there are constants ¢, ¢’ such that 0 < ¢ < a,, /b, < ¢ < oo for all large n and by
apn ~ by, if ap /b, — 1 as n — co. Let C' > 0 denote a generic constant which may

vary from line to line; let ® and ¢ = ®’ be the standard normal distribution and



density functions. Denote by ”"=" convergence in distribution. All asymptotic
statements in the paper are with respect to n — oo unless otherwise specified.
The paper is structured as follows. In Section 2 we shall establish a central
limit theorem for the Fourier transform S,,(6) and the periodogram I,,(#) at Fourier
frequencies. Asymptotic properties of smoothed periodogram estimates of f are
discussed in Section 3. Section 4 considers consistency of the frequency domain
bootstrap approximation to the sampling distribution of spectral density estimates
for both linear and nonlinear processes. Section 5 gives some sufficient conditions
for geometric moment contraction (see (12)), a basic dependence assumption used
in this paper. Some examples are also presented in that section. Proofs are

gathered in the appendix.

2 Fourier transforms

The periodogram is a fundamental quantity in the frequency-domain analysis. Its
asymptotic analysis has a substantial history; see for example Rosenblatt (The-
orem 5.3, p. 131, 1985) for mixing processes; Brockwell and Davis (Theorem
10.3.2, page 347, 1991), Walker (1965) and Terrin and Hurvich (1994) for linear
processes. Other contributions can be found in Olshen (1967), Rootzen (1976), Ya-
jima (1989), Walker (2000) and Lahiri (2003). Recently, in a general setting, Wu
(2005) considered asymptotic distributions of S, (6) at a fixed §. However, results
in Wu (2005) do not apply to S,(0) at Fourier frequencies. Here we shall show
that S, (0y) for k = 1,---,n are asymptotically independent normals under mild
conditions; see Theorem 2.1 below. The central limit theorem is applied to em-
pirical distribution functions of normalized periodogram ordinates (cf. Corollary
2.2). In the literature the latter problem has been mainly studied for iid random
variables [Freedman and Lane (1980, 1981), Kokoszka and Mikosch (2000)] and

linear processes (Chen and Hannan, 1980).
Denote the real and imaginary parts of S,,(6;)/y/7nf(6;) by

Z = > opey X cos(kﬁj), i — S oreq Xk sin(k:Gj)’ i=1....m. (5)
7T7lf(9]) 7T7lf(9])
where m = m,, := |(n — 1)/2] and |a] is the integer part of a; denote the unit

sphere by , = {c € RP : |c¢|] = 1}. For the set J = {j1,...,Jp} with 1 < j; <



... < jp < 2m write the vector Zy = (Zj,,...,Z;,). Let the class Z,,, = {J C
{1,....,2m} : #J = p}, where #J is the cardinality of J.

THEOREM 2.1. Assume X, € L2,
o
K=Y [PoXk] < o0 (6)
k=0

and f. :=ming f(0) > 0. Then for any fized p € N, we have

sup sup sup |P(Z)c < z) — ()] = o(1) as n — oo. (7)
JE€Em.p c€Qp wER

Theorem 2.1 asserts that the projection of any vector of p of the Z;s on any di-
rection is asymptotically normal. The condition (6) was first proposed by Hannan
(1973). In many situations it is easily verifiable since it only involves conditional
moments. For generalizations see Wu and Min (2005). In the special case of linear
processes X; = Y -0 a;er—;, where ¢; are iid with mean 0 and finite variance and
Sy al < oo, (6) becomes Y 2% |a;| < oo, indicating that (X,) is short-range
dependent. In the literature, central limit theorems are established for Fourier
transforms of linear processes [Fan and Yao (2003, p. 63), Brockwell and Davis
(1991, p. 347) among others|. The spectral density function may be unbounded if

(6) is violated.

COROLLARY 2.1. Under the conditions of Theorem 2.1, we have for any fixred g € N,

5.(61,)
nm f(61;)

, 1< <qp = {Yej-1 +iYe;, 1< <¢q} (8)

for integers 1 < 11 <l < ... <ly <m, where Yy, 1 < k < 2q, are #d standard
normal. Consequently, for I,,(0) := I,(0)/f(),

{I0,), 1< <a} = (B, 15 <a), 9)
where E; are iid standard exponential random variables (exp(1)).

Corollary 2.1 easily follows from Theorem 2.1 via the Cramer-Wold device.
For the empirical distribution function of I,(6}), F; (z):=m™! Z;nzl 17 .(0,)<a’

x > 0, we have



COROLLARY 2.2. Let Fg(x) :=1—e . Under conditions of Theorem 2.1,

sup |F;, () — Fg(x)| — 0 in probability. (10)
x>0 ’

ProoF. Since F}, and Fg are non-decreasing, it suffices to show (10) for a fized
z. Let pj = pj(x) = P[I,(0;) < 2] and p; ; = p; j(x) = P[[,(0;) < =, I,(0;) < a];
let U and V, independent of the process (X;), be iid uniformly distributed over
{1,---,m}. By Corollary 2.1, py — Fg(x) and pyy — Fg(z)? almost surely. By
the Lebesgue dominated convergence theorem, E(py) — Fg(z) and E(pyyv) —
Fg(x)?. Notice that

E(py) =m~ ij and E(py,v) QZme

7j=1 =1 j=1

So ||F () = Fe(2)|* = E(puyv) — Fz(z) + 2Fp(z){Fr(z) — E(py)} and (10)
follows. %

REMARK 2.1. The above argument also implies that, for any integer k > 2,

sup m* Z Z ]P’[fn(le) <Xy, 7I’fl(0jk) <] — HFE(%) — 0.

x1, 2,20

3 Spectral density estimation

Given a realization (X;)?_,, the spectral density f can be estimated by

s

faQQ) = [ Wa(A = ) In(p)dp, (11)

—Tr

where Wy, () is a smoothing weight function (cf (13)). Here we study asymptotic
properties of the smoothed periodogram estimate f,. Spectral density estima-
tion is an important problem and there is a rich literature. However, restrictive
structural conditions have been imposed in many earlier results. For example,
Brillinger (1969) assumed that all moments exist and cumulants for all orders are
summable. Anderson (1971) dealt with the special linear processes. Rosenblatt
(1984) considered strong mixing processes and assumed the stringent summability
condition of cumulants up to eighth order. Whether the weaker fourth order cu-

mulants summability condition suffices is proposed in the latter paper as an open



problem. Due to those limitations, the classical results cannot be directly applied
to nonlinear time series models. Recently, Chanda (2005) obtained asymptotic
normality of f,, for a class of nonlinear processes. However, it seems that his for-
mulation doesn’t include popular nonlinear time series models such as GARCH,
EXPAR and ARMA-GARCH; see Section 5 for examples.

To establish an asymptotic theory for f,, we adopt the geometric-moment
contraction (GMC) condition. Let (e}, )rez be an iid copy of (ex)rez; let X, =
G(---,e"y,el,e1,++,€n) be a coupled version of X,,. We say that X,, is GMC(«),
a > 0, if there exist C' and 0 < p = p(a) < 1 such that for all n € N,

E(|X,, — Xa|%) < Cp". (12)

Inequality (12) indicates that the process (X,) quickly ”forgets” the past Fy =
(-+-+,e-1,€0). GMC has the following interesting property: If X,, € £LP,p > 0 and
GMC(ap) holds for some ag > 0, then (12) holds for any o < p [Wu and Shao
(2004), Lemma 1]. Note that under GMC(2), |r(k)| = O(p*) for some p € (0,1)
and hence the spectral density function is infinitely many times differentiable.

Many nonlinear time series models satisfy GMC (cf Section 5). Moreover, the
GMC condition provides a convenient framework for a limit theory for nonlinear
time series; see Hsing and Wu (2004), Wu and Shao (2004) and Wu and Min (2005).
In view of those features, instead of the widely used strong mixing condition,
we employ the GMC as an underlying assumption for an asymptotic theory for
spectral density estimates.

Let rk = n_lz Ik XXk, |k| < n, be the covariance estimates; let a(-)
be an even, Lipschitz contlnuous function with support [—1,1] and a(0) = 1; let
B, be a sequence of positive integers such that B, — oo and B,/n — 0; let
b, =1/B,,

1 &

W) == 3 a(kby)e™ and =5 S rPatkb)e ™. (1)

n n

TurorEM 3.1. Assume (12), X, € L and B, =< n" for some § > 0 and 0 <
n < 1. Then

Vb {fn(A) = E(f2(A)} = N(0,0%(\), (14)
where 0% := o2(\) = {1 + n(2\)} f2(\ fl t)dt and n(\) = 1 if A = 2kn for

some integer k and n(\) = 0 otherwise.



The moment condition X,, € £ in Theorem 3.1 together with GMC implies
the absolute summability of cumulants up to the fourth order (cf Lemma 6.1).
In the context of strong mixing processes, Rosenblatt (1985, page 138) imposed
X,, € £8. The latter paper posed the problem that whether the eighth order
cumulants summability condition can be weakened. Theorem 3.1 partially solves
the conjecture for nonlinear processes satisfying GMC. Additionally, Theorem 3.1
is applicable to a variety of nonlinear time series models (Section 5) that are not
covered by Chanda (2005).

Joint asymptotic distributions of spectral density estimates at distinct frequen-
cies (cf Corollary 3.1 below) follow from the arguments in Parzen (1957, Theorem
5A) and Rosenblatt (1984) since GMC(4) ensures the summability of the fourth

cumulants; see Lemma 6.1.

CoROLLARY 3.1. Let A\y,---, s € [0,7] be s distinct frequencies. Then under the
conditions of Theorem 8.1, /nb,{fn(N;) — E(fn(Xj))}, 7 = 1,...,s, are jointly
asymptotically independent N(0,0%(\j)), j =1,...,s.

The problem of maximum deviation of spectral density estimates has been
studied by Woodroofe and Van Ness (1967) for linear processes and Rudzkis (1985)

for Gaussian processes. For nonlinear processes, we have

THEOREM 3.2. Assume (12), X,, € LY for some § > 0, B, < n", 0 <1 < 1/2
and fi = ming f(6) > 0. Then
max \/nbn| fu(A) = E(fu(A)| = Op((logn)'/?). (15)

A€[0,7]

Under GMC(2), since ||[PoXi| = O(p*), we have (6). However, it is quite
difficult to establish (14) under the weaker condition (6). Regarding (15), we are
unable to obtain a distributional result as in Woodroofe and Van Ness (1967) for

nonlinear processes.

4 Frequency domain bootstrap

Here we consider bootstrap approximations of the distribution of the lag window
estimate (13). Bootstrapping in the frequency domain has recently received con-
siderable interest. See Hurvich and Zeger (1987), Nordgaard (1992) and Theiler,
Paul and Rubin (1994) for Gaussian processes and Franke and Hérdle (1992,



FH hereafter), Paparoditis and Politis (1999) and Kreiss and Paparoditis (2003)
for linear processes. For nonlinear processes we adopt the residual-based boot-
strap procedure proposed by FH. A variant of it is discussed in Remark 4.4.
Let I; = I(wj), w; = 2mj/n,j € F, = {—|[(n —1)/2],---,|n/2]}. Note that
)

r]g" =n"121 > ieF, I;e™*i. Then the lag window estimate (13) can be written as

Bn, Bn

1 n —1 1 —ik(A—w;
faN) = 5= S~ riMa(kby)e =370 Y alkbyeH ) (16)

The bootstrap procedure consists of the following several steps.

1. Calculate periodogram ordinates {I;}, j =1,---,N = [n/2].

2. Obtain an estimate f of f. (e.g. a lag window estimate with bandwidth
= B

3. Let &; = &;/&, where &; = L;/fj, fj = f(w;), E= N~ Z;Vzl £j.

4. Draw iid bootstrap samples {8;} from the empirical distribution of &;.

(=
S

5. Let I;‘ = fjej be the bootstrapped periodogram values; let Ifj = I; and
Iy =0.

The rescaling in step 3 avoids an unwanted bias at the resampling stage. Setting
I5 = 0 in step 5 corresponds to the periodogram value at 0 taken from a mean-
corrected sample. The sampling distribution of g,(\) = vnb,{f,(A) — f(A)} is
expected to be close to its bootstrap counterpart g*(\) = vnbo{f*(\) — f(\)},

where

B,

faX) = % ST N alkby)em )

JEF, k=—Bn,

is the bootstrapped version of (16). Here the closeness is measured by Mallow’s
dy metric (Bickel and Freedman, 1981). For two probability measures P; and P»
on R for which [ |z[*dP; < oo, i = 1,2, let dy(Py, P2) = inf||Y; — Y3||, where the
infimum is taken over all vectors (Y7,Y5) with marginal distributions P; and P;.
Write

da[gn(A), gn(N)] = d2{Plgn(N) € |, Plg, (A) € [ X1, -+, Xn]}.

The bootstrap procedure is said to be (weakly) consistent if da[g, (M), gi(N\)] =
op(1). Let L(:|Xy,--+,X,) denote the conditional distribution given the sample
Xy, X



It seems that in the literature the theoretical investigation of the consistency
has been limited to linear processes. Let X; = Z;’i_oo a;er—;. FH proved the
consistency of the residual-based procedure for kernel spectral estimates under the
condition

sup{|E(e™1)|; [u| > 6} <1 for all § > 0. (17)

Condition (17) excludes many interesting cases. For example, it is violated if £ is
a Bernoulli random variable. FH (1992, page 126) conjectured that their results
still hold without the condition (17). The main result in this section is Theorem
4.1 which is applicable to linear as well as nonlinear processes; see Corollaries 4.1
and 4.2 respectively. The former corollary deals with linear processes and (17) is
removed at the expense of the stronger 8-th moment condition. Since our results
hold under various combinations of conditions, it is convenient to label the more
common ones:

(A1) limg gz 2{1 — a(z)} = co, where c3 is a nonzero constant.
A2) minygjo 1 f(A) > 0.
A3) maxefo, [F(A) = F(N)
A3') maxyepoq [F(A) — F(A
Ad) > cn Ir(k)|k? < co.
Ad) Y per Ir(k)k| < oo
AB) D04t ez lcum(X(0), X (1), -+, X (tg-1))| < oo for k = 3,4.
AS) 4t ez lcum(X(0), X (1), -+, X (tg—1))| < oo for k=3,---,8.
A6) Vnbp{fa(A) — E(fn(N)} = N(0,0%(\)) and nbyvar(fa(A)) — o*(A).

~—
I
S
=
—~
[
~—

(
(
(
(
(
(
(
(

REMARK 4.1. Condition (A1) says that a(-) is locally quadratic at zero and it is
satisfied for many lag windows. It is related to bias. By Anderson (1971, Theorem
9.4.3) or Priestley (1981, page 459), under (A1), (A4) and B} = o(n),

1 .
BAE(fa() ~ F()} = eaf (), where f"(3) = — oL S r(k)R%e . (18)
T kEZ
Furthermore, if (A6) holds, then the optimal bandwidth b, is of order n=1/5 in the

sense of minimizing mean square error asymptotically [Priestley (1981), Chapter
7.2].

REMARK 4.2. The cumulant summability conditions (A5) and (A5") are commonly

imposed in spectral analysis [Brillinger (1975), Rosenblatt (1985)]. For a linear



process Xy = » 2 aigr—; with Y 2 la;| < oo, (A5) [resp. (A5’)] holds if
g1 € L* [resp. 1 € £8]. By Lemma 6.1, stationary processes of form (1) satisfy
(A5) [resp. (A5’)] under GMC(4) [resp. GMC(8)]. Zhurbenko and Zuev (1975)

considered strong mixing processes.

Let E* and var® denote the conditional expectation and variance given the

original data. Let Vo(A) = vaba{fa(A) = E(fa(M))}, Vi(N) = Vaba{f7(}) —
E* fr(N)} Bu(N) = Vb {E(fn (V) — f(N)} and 35 (N) = Vb {E* fr(A) — fF(V)}-

For the consistency of the bootstrap approximation, it is common to treat the

variance and the bias part separately.

PROPOSITION 4.1. Assume X; € L8, (A2)-(A3), (A4), (A5 ) and (A6). Let B2 =
o(n). Then d2[V,(X), VX(N)] — 0 in probability.

PROPOSITION 4.2. Assume X; € L*, (A1) and (A4)-(A5). Let b, = o(b,), B3 =
o(n) and B> = o(n). Then B2{E*f*(\) — f(A\)} — caf”()\) in probability.

REMARK 4.3. The condition b,, = o(b,,) is needed to ensure the consistency of the
bias part in view of (18). Hence f()) should be smoother than our lag window
estimate f,(\). Over-smoothing is common in the frequency domain bootstrap
[Paparoditis and Politis (1999), Kreiss and Paparoditis (2003) and FH].

THEOREM 4.1. Assume X; € L8, (A1)-(A4), (A5) and (AG6). Let b, <n~'/% and

by = o(bn). Then dsgn(X), g5(N)] — 0 and d2[ga(\)/F(N), g5(N)/F(N)] — 0 in
probability.

Proor. In the proof A is suppressed and we write g, etc for g,(A) etc. Since
d3(gn, g5) = d3(Vyu, V.¥) + d3 (B, B%) (Lemma 8.8, Bickel and Freedman, 1981), by
Propositions 4.1, 4.2 and (18), d2(gn,g)) = op(1l). The second assertion follows
similarly. By (A2), (A3) and Proposition 4.2, 3%/f — Bu/f = (85 — Ba)/f +
(f~' = fYB, = op(1). It remains to show that do(V,/f,V,*/f) = op(1). By
Lemma 8.3 in Bickel and Freedman (1981), it suffices in view of (A6) to show
that var*(V,*/f) — o2/f% and L(V.*/f|X1, -+, Xn) = N(0,0%/f?) in probabil-
ity. By (A2), (A3), these two assertions follow from relation (51) in the proof of
Proposition 4.1. &

REMARK 4.4. Since the residuals {I,,(w;)/f(w;)} are asymptotically iid exp(1)

(Corollary 2.1), a modified procedure is to replace the bootstrapped residuals e ;

10



by iid standard exponential variables. For this modified bootstrap procedure,
Theorem 4.1 holds with the assumption (A5’) replaced by (A5) and 8-th moment

condition weakened to X; € £*; see the proof of Proposition 4.1.

COROLLARY 4.1. Let Xy = >.5° _ ajer—q, where |ag| = O(k=*9), 8 > 1/5 and
e1 € L8, Assume (A1)-(A2), (A4), by =< n~'/5 and b, < n~™, n € (1/10,1/5).

Then the conclusions in Theorem 4.1 hold.

Proor. By Theorem 4.1, it suffices to verify (A3), (A5’) and (A6). (A6) follows
from Theorem 9.3.4 and 9.4.1 in Anderson (1971). The assumption (A5’) is sat-
isfied under E($) < oo and |agx| = O(k~(1F) 3 > 1/5 (see Remark 4.2). Note
that
FON) — f(N)] < FON) —E(f(\ E(f(\) = f(N)], (19
e [F(3) = SOV < max 1700~ EGFOO) + max [S(0) — )], (19)
which is of order Op((logn)'/?/(nb,)"?) + Op(b2) = op(b,) by Theorem 2.1 in
Woodroofe and Van Ness (1967) and (18). So (A3) follows. &

COROLLARY 4.2. Let the process (1) satisfy GMC(8). Assume (A1)-(A2), b, =
n=Y5 and b, < n~"™, ny € (1/10,1/5). Then the conclusions in Theorem 4.1 hold.

Proor. We shall apply Theorem 4.1. By Lemma 6.1, GMC(8) implies (A4) and
(A5"), while (A6) [resp. (A3)] follows from Theorem 3.1 [resp. Theorem 3.2 and

(19)]. &

5 Applications

There are two popular criteria to check the stationarity of nonlinear time series
models: drift-type conditions [Tweedie (1975, 1976, 1988), Chan and Tong (1985),
Feigin and Tweedie (1985), Meyn and Tweedie (1993) etc|] and contraction con-
ditions [Elton (1990), Diaconis and Freedman (1999), Jarner and Tweedie (2001)
and Wu and Shao (2004) etc]. It turns out that contraction conditions typically
imply GMC under some extra mild assumptions, and are thus quite useful in prov-
ing limit theorems [Hsing and Wu (2004), Wu and Min (2005)]. In this section
we consider nonlinear autoregressive models and present sufficient conditions for

GMC so that our asymptotic spectral theory is applicable.

11



Let &, be iid random elements, p,d > 1; let X,, € R% be recursively defined by
Xnpt1 = R(Xm ce aXn—p—l-l? 5n+1), (20)
where R is a measurable function. Suitable conditions on R implies GMC.

THEOREM 5.1. Let o > 0 and o/ = min(1,«). Assume that R(yo;e) € L™ for some

yo and that there exist non-negative constants ay,---,a, with > b _ja; < 1 such
that
/ p !
IR(y;e) = Ryse)lls <D ailwi — | (21)
i=1
forally = (x1,...,2p) and y' = (2,...,2},). Then X, satisfies GMC(a). In par-

ticular, if there exist functions H; such that |R(y;e)—R(y';e)| < >0, Hi(e)|w;—}|
for ally and y' and S0, |Hi()|| < 1, then we can let a; = ||Hi(e)|| .

We omit the proof of Theorem 5.1 since it easily follows from Lemma 6.2.10 and
Proposition 6.3.22 in Duflo (1997). Duflo assumed a > 1 and called (21) Lipschitz
mixing condition. In our result o < 1 is allowed. Conditions of a similar type
are given in Gotze and Hipp (1994). An important special case of Theorem 5.1 is
p = 1, which is called an iterated random function in Elton (1990) and Diaconis
and Freedman (1999).

THEOREM 5.2. Assume that (n;) satisfies GMC(a) (12) and that the ARMA(p,q)
process

Xe =01 Xo1— =0, X4 p =1 — P1Mt—1 — - — GgMli—q (22)

is driven by the dependent innovations 1. Further assume that all the roots of the
polynomial AP — >0 _, 0, \P~F lie inside the unit circle. Then X, is also GMC(«).

Theorem 5.2 shows that the GMC property is preserved in ARMA modelling
(Min, 2004) and it is an easy consequence of the representation X; = > 77 o bpmy—g
with |by| < CrF for some r € (0,1). Min (2004) considered the case a > 1.
Theorem 5.2 implies that the ARMA-ARCH and ARMA-GARCH models (Li,
Ling and McAleer, 2002) are GMC; see Examples 5.4 and 5.5.

Near-epoch dependence (NED) is widely used in econometrics for central limit
theorems [Davidson (1994, 2002)]. The process (1) is geometrically NED (G-
NED(«)) on (g5) in Ly, a > 0, if there exist C' < oo and p € (0, 1) such that, for
all m € N,

1X: — E(X¢let—m, Et—mats -5 €t) |la < Cp™. (23)

12



It is easily seen that, for a > 1, GMC(«) is equivalent to G-NED(«). In some
situations GMC is more convenient to handle; see Remark 5.1. Additionally, GMC
has the nice property that X/ is identically distributed as X;, while in NED, the
distribution of E(X¢|et—p, ..., &) typically differs. Davidson (2002) showed that a
variety of nonlinear models are G-NED(2), and hence GMC(2). From Davidson’s
argument, it seems harder to verify G-NED(p) for p > 2 while this is not the case
for GMC. Here we list some examples that are not covered by Davidson (2002).

ExampLE 5.1. Amplitude-dependent exponential autoregressive (EXPAR) models
have been studied by Jones (1976). Let e; € L be iid innovations and

X =1 + Brexp(—aX) )] X1 +en, a>0.
Then Hi(e) = |aa| + |B1]. By Theorem 5.1, X,, is GMC(a) if |aq| 4+ |f1] < 1. &

ExampLE 5.2. Consider the AR(2) model with ARCH(2) errors [Engle (1982)]

X = 01X 1+ 02Xn > + /03 + 03X2, +02X2 .

Theorem 5.1 is applicable here: we can chose Hi(e) = |01] + |e04] and Hy(e) =
|62 4 |65]. Then GMC(a) holds if S22, [ H;(e)|2 < 1 and &, € L for some
a>0. ¢

ExamPLE 5.3. Let A; be p X p random matrices and B; be p x 1 random vectors.

The generalized random coefficient autoregressive process (X;) is defined by
X1 = A1 Xy + Byga, t € Z. (24)

Assume that (A, By) are iid. Bilinear and GARCH models fall within the frame-
work of (24). The stationarity, geometric ergodicity and (-mixing properties of
(24) have been investigated by Pham (1986) and Carrasco and Chen (2002). Their
results require that innovations have a density, which is not needed for GMC.
For a p x p matrix A, let [A]o = sup,.q[A2|a/|2]a, @ > 1, be the matrix norm

induced by the vector norm |z|o = (3°0_, |2i|*)Y/®. Tt is easily seen that X; is
GMC(a) if E(|Aola) < 1 and E(|Byla) < oo. For an application, consider the
subdiagonal bilinear model [Granger and Anderson (1978), Subba Rao and Gabr
(1984)]:
q P Q

igrg + > > binXimjrEik (25)
0 j=0

p
Xt = Zant_j +
7=1 i k=1

J

13



Let s = max(p, P+q,P+Q), r = s—max(q, Q) and ap; =0 = cg4j = bp1ig+j =
0 for all i,7 > 1; let H be an 1 x s vector with the (r + 1)-th element 1 and
all others 0, ¢ be an s x 1 vector with the first  — 1 elements 0 followed by
l,a1+cy, -+ ,a5_y +Cs_r, d be an s x 1 vector with the first r elements 0 followed

by bot, -+, bo,s—r and

0 1 0 0 0 --- 0
0 :
1 0 0 0 0
A — s B =
0 al brl bOl
g o+ o Qg 0 - brs—r ++ bos—r O -+ 0 -
Let Z; be an s x 1 vector with X;_,y; as its ith component for ¢ = 1,---,r and

T s—r P
Z apXeyi—k + Z[Ck + § ik Xiri—k—jlEtrik
i k=i =0

as its (r +1i)-th element, 1 < i < s—r. Pham (1985, 1993) gave the representation
Xe=HZy 1 +ey, Zy=(A+4 Bep)Zy_q +cer + dsf. (26)
By (26), X; is GMC(a) if 1 € £2* and E(|A + Be1lq) < 1. %

REMARK 5.1. Davidson (2002) considered the bilinear model (25) with ¢ = 0 and
(@ = 1. He commented that it is not easy to show G-NED(2) for general cases due

to the complexity of moment expressions. In comparison, our argument is simpler.

ExaMPLE 5.4. Ding et al. (1993) proposed the asymmetric GARCH(r, s) model
Xt = et/ e, h§/2 = Qo+ Z i (| Xp—i| — v Xe—i)* + Z ﬁihig, (27)
i=1 =1

where ag >0, a; >0 (j =1,---,7) with at least one a; >0, ; >0 (i =1,---,5),
¢ >0 and |y| < 1. The linear GARCH(r, s) model is a special case of (27) with
¢ =2,7=0. Wu and Min (2005) showed GMC for linear GARCH(r, s) models.

Let Z¢ = (ler] =ver)*, &t = (20 Z1,0, -+, 20,0, -+, 0)(,., oy, of which the (r+1)-th
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element is o and

a1Zy te o Zy BrZy T BsZy
A, = I 1yxr—1) Op—1yx1 O(—1)xs
s a ... a, By ... B,
O(s—1)xr Is—1yx(s—1) Op—1)x1

Ling and McAleer (2002a) showed that E|X;|"™ < oo for some m € N if and only
if
P(E(AZ™)} < 1, (28)

where ® is the usual Kronecker product. It turns out that (28) also implies
GMC(mg).

PROPOSITION 5.1. For the asymmetric GARCH(r,s) model (27), let e, € L™,
¢ >1, then X; is GMC(mgs) if (28) holds.

Proof. Let Yy = [(|X:] — vX0)S, -+, (IXteri1| — ¥X—rs)S B2, RS2, Then
Y; = AqYi—1 + & (Ling and McAleer, 2002a). Let Y, independent of {e;, t € Z},
be an iid copy of Yy and we recursively define Y/ = AyY, | + &y, ¢t > 1; let
Y, =Y, — Y/. Then Y, = Agtf/t_l. Applying the argument of Proposition 3 in Wu
and Min (2005), we have

M __ AQ@myrQm __ _ A®m RmMYr@m
Yo" = ASPYET = = AGT - ATV

Thus E(Y*™) = [E(Agm)]tE(%®m) since Ay, - -+, Ay areiid. By (28), [E(Y,®™)| <
Cpt for some p € (0,1). In particular, IE(|h2/2 — (R})$/?|™) is also bounded by C)pt.
So

E(|X; — X{|™) = E(]")E(|V/h — \/hy™) < CE(|hi’* — (h)*/2™) < Cp,
where the inequality |a — b|* < |a® — b%], @ > 0,b >0, ¢ > 1, is applied. O

ExAMPLE 5.5. Let &; be iid with mean 0 and variance 1. Consider the signed
volatility model (Yao, 2004)

X; = e4fse V<, s¢ = gler_1) + cler—1)st-1, s > 0, (29)

15



When s; = h; > 0, (29) reduces to the general GARCH(1,1) model [He and
Terésvirta (1999) and Ling and McAleer (2002b)]

Xt = Etht, hg = g(Et_l) + C(Et_l)hg_l, S > 0, (30)
We shall show that the model (29) satisfies GMC under some mild conditions.

PROPOSITION 5.2. For the signed volatility model (29), suppose that for some o > 0,
Ele1|* < 1, Ele(e1)|* < 1 and E|g(e1)|* < oco. Let ¢ > 1, then X; is GMC(sa).

Proof. By Theorem 5.1, s; is GMC(a). Since E{(|s;|'/s —|s}[1/<)*} < E(|s; — s4|)
and X; = at]stll/g, X; is GMC(sa). O

ExAMPLE 5.6. Let {;} be iid nonnegative random variables with mean 1. Consider

Engle and Russell’s (1998) autoregressive conditional duration (ACD) model

q P
Xt = Et(I)t, (I)t =w + Z OéiXt_z' + Z ﬁj@t_j, (31)

i=1 j=1
where w > 0, a; > 0, = 1,---,¢q, 3; 2 0, j = 1,---,p. Let P = max(p,q),
a; =0,i > ¢q and 3; =0,j > p. Carrasco and Chen (2002) consider the existence

of stationary solution in the special case a = 1 under Zf;(ai +6;) < 1.

ProposITION 5.3. For the ACD(p,q) model (31), suppose that e, € L%, a > 1.
Then X; is GMC(a) if "5 laier + Billa < 1.

Proof. Write ®; = w—i—zlil(aiat_i +3;)®s—i. Let (@;)jgo, independent of {e;,t €
Z}, be an iid copies of (®;)j<o. Define recursively ®; = w+ Y"1 | (aie,_; + 5P, _,,
ey =e, t > 1. Let b, =, — ®;. Then for t > P, b, = Zil(aiz—:t_i + ﬁz)i)t—z
So |B¢]le < S°F | llaier + Billal|®i—illa- Since SF | [|oyer + Billa < 1, by Lemma
6.2.10 in Duflo (1997), || ®4]|o < Cpt,t € N for some p € (0,1). In other words, ®;

is GMC(a). Finally, | X; — X!|la = lletllal|®i)la < Co. &

6 Appendix

We now give the proofs of the results in Sections 2-4.
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6.1 Proof of Theorem 2.1.

Proor. For presentational clarity we restrict J = {j1,...,7,} C {1,...,m} and
hence Zj, corresponds to real parts of S,(0;). The argument easily extends to

general cases. Let

n p
kO
T, = Zuka, where py, = pr(c, J) = Zm, 1<Ek<n.
k=1 =1 Wf(ejz)

Since f, := ming f(#) > 0, there exists p, such that |p;| < p, for all ¢ € Q, and
J € Emp. Let dy(h) = n= 130y pepk—n if 0 < B < n—1 and dy(h) = 0 if
h > n. Note that

n n
Z cos(kf,) cos[(k + h)8;,] = 5 cos(hb;,)1j,=;,,-
k=1

Then it is easily seen that there exists a constant Kg > 0 such that for all A > 0,

p .
dn(h) — chz cos(hGJ‘l) < Koh

Tn(h) = sup sup
JEEm,p cEp

Clearly 7, (h) < ps + (27 f.)~! =: K1. So we have uniformly over J and c that

n

dn (0)7n(0) + 2~ dn(h)y(h) — 1
h=1

< 2 m(h)y(h) £ Komin(h/n, 1)y(h) —pse 0 (32)
h=0 h=0
by the Lebesgue dominated convergence theorem, where Ko = 2(Ky + K7).

Let T, = >y 1 Xy, where Xj, = E(Xp|eh—_r41,-..,€5) are (-dependent and
8¢ = || Xo—Xo]|. Then limy_,oo 6 = 0. If k < £, then Py Xy, = E(PoXk|eh—ts1,---,€0)-
By Jensen’s inequality ||[PoXy|| < |[PoXk|. If k > ¢, then PoXy = 0. Clearly
|Po(Xy — Xi)|| < 28. By the Lebesgue dominated convergence theorem, (6)
entails that

1/2

1 n ~ 0 ~
= | SAPHT =T)I? | < g IIPo(X5 — X))
j=—o00 k=0

T, = Tl
NG

S s Z 2min(HPoXkH, 5@) —f{—00 0. (33)
k=0
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Let g, (r) = r?E[X21(|X| > v/n/r)]. Since E(X?) < 00, lim, o0 gn(r) = 0 for any
fixed r > 0. Note that g,, is nondecreasing in r. Then there exists a sequence r,, T
oo such that g,(rp,) — 0. Let Y3 = X31(|Xz| < /n/r,) and Ty = Y peq i Yk
Then ||Yy — Xi|| = o(1/7,,). Since Y}, — X}, are f-dependent,

l
Ty = Tall <)

a=1

S (Y- X = ol /r), (34)

b<n, £|(b—a)

where ¢|(b — a) means that ¢ is a divisor of b — a. Let p, = Lr,lq/ﬂ and blocks
Bi={aeN:1+t-Dpp+) <a<p,+{t—Dp,+0} 1<t <t, =
|14 (n—pn)/(pn +£)]. Define Uy = 3 ,cp. ttaYa, Vo = 341 Up, Ry = Ty — Vi,
W = (V, —E(V,,))/v/n and A = T,,/\/n — W. Then U, are independent and
|R.|| = O(y/tn) since Y, are {-dependent. Note that |E(V,,)| = O(n)|E(Y:)| =
o(v/n/ry). Then by (34),

VAl < E(Va)| + Ve = Tall = o(v/rn) + OV + Vi/fra) = O(VEa). (35)

Since |[U* < pdph Yoep, [Yal> and E(YZ) < E(XR), E(|U:*) = O(p},v/n/rn). By
the Berry-Esseen Theorem (cf Chow and Teicher, 1988),

1 E(U®) _ Otapyy/n/rs)

— —2
Vi —E(V)[3 NV = O(p,")-(36)

sup [P(W < ) — ®(/[W])] < €

Let § =6, = p;1/4. By (35), (36) and

P(W < w—38) —P(|A] > 6) <P(W + A <w) <P(W <w+6) +P(A] > 6),(37)

we have sup,, [P(T},, < vnz)—®(v/nz/|Tu|)| = O 2+P(|A| > §)++62] = O(6)
since sup,, |®(z/01) — ®(x/02)| < |o1/09 — 1| sup, |[xo(x)|.

Let Wi = T /v/m, Ay = (T = Ty) /v/m and ) = e = (| T = Tl / /)% We
apply (37) with W, A replaced by Wy, Aq,

sup
xr

M%g)—@(H%)\:0<P<|Alrzn>+6+n+n2> (33)

Thus the conclusion follows from (32) and (33) as we first let n — oo and then

{ — oo.
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6.2 Proof of Theorem 3.1.

To prove Theorem 3.1, we need to have the following two lemmas.

LemMMA 6.1. (Wu and Shao, 2004). Assume (12) with o = k for some k € N.
Then there exists a constant C > 0 such that for all 0 < mq1 < ... < mp_1,

leum (Xo, Xy -y Xomyo, )| < Cpme=1/IRG=1] (39)

LEMMA 6.2. Let the sequence s, € N satisfy s, <n and B, = o(sy); let

Bn,
Yu=(2m) " Y XuXuipa(kb,)cos(k)) (40)
k=—Bp

Then under (12) and X,, € £L*9, 5 > 0, we have | 35" {V,—E(Yy)}? ~ sp,Bno?.

Proor. By Lemma 6.1, we have the following summability condition

Z ‘Cum(X()? misc 7TI,3 ‘_ZO 2 8/[44 1)) < 00,

mi1,me,m3€EZL

See also Remark 3 in Wu and Shao (2004). Then the lemma easily follows from
equations (3.9)-(3.12) in Rosenblatt (1984, page 1174). &

ProOOF OF THEOREM 3.1. Let p = p(4), ay = a(kby,) cos(kA) and

B,
B (A) = (2m) ! DY Z XX hon + Z Z X Xognay
k=0u=n—k+1 —Bn u=n+k+1

then
Vb {fn(\) = E(f2(\)} = (nBy) 1/22{5/ —EYu)} +ha(A) —E(hn(N)). (41)

It suffices to show that (nB,)~"/23"_{Y, — E(Y,)} = N(0,0?) by noting that
|hn (V|| = (nB,)~20(B,) = o(1) which follows from the summability of cumu-
lants for order 2 and 4 [cf Rosenblatt 1985, page 139].

For k € Z let X}, = E(Xi|ek—is1,--.,€x), where [ = [, = [clogn] and ¢ =
—4/log p. Recall (40) for the definition of Y, and let Y, be the corresponding sum
with Xj replaced by X},.. Observe that X,, and X,, are iid if |n —m| > [ and Y,
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and Y, are iid if |u —v| > 2B,, + . The independence plays an important role in

establishing the asymptotic normality of g, = > »_, Y,. Note that

By
1Yy — f/vu” < (277)_1 Z [ Xy Xurk — XuXurnlllaw] = O(Bnpl/4)- (42)
k=—DBp
Now we claim that
(nBn) " *{gn —E(gn)} = N(0,07). (43)

Let g, p, be two sequences of positive integers such that

Pnydn — 00, qn = 0(ppn), 2By +1=o0(qn) and k, = [n/(pn + qn)] — 0.  (44)

Define the blocks £, = {j € N: (r — 1)(pp +qn) + 1 < j < 7(¢n + Pn) — Gn},
1<r<ky,S={JeN: r(pp+q) =g +1<j<r(gn+pn)}, 1 <r<k,—1
and S, = {j € N: kn(pn+qn) —qn+1 < j < n}. Let U = Y, Vj and

i. Observe that Uy,..., U, areiid and Vi,...,V}, 1 are also iid.

Ve = Zjesr Y;
By Lemma 6.2 and (42),

Pn

> {V; — E(Yo)}

1=1

1L —EU)] = +0(PallYo=Yoll) ~ (PnBno®)"/>+0(pnBp'?).

(45)
Similarly, [|[Vi — E(V1)|| ~ (¢nBno?)"/? + O(q,Bnp'/*). By (44) and the indepen-
dence of the V;’s,
2

kn
Y AVi—EW = (k= DIV —EV)I? + Vi, —E(Vi,)I?
i=1

Then (43) follows if (nB,)~/? ngl{Ur —E(U1)} = N(0,0?). To this end, since
the U,’s are iid, by the central limit theorem, it suffices in view of (45) to verify the

Liapounov condition. Let 7 = 2+¢§/2. By the triangle and Rosenthal’s inequalities

O N )
Z Z KXuXutkQk < Z Z Z Xit (=K it (= 1)1k
u=1k=—DB, i=1 j=1 k=-B,

T T

IN

-1
o)V pn/l Z Xy,
k=—DBn

T
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=1 ||L(Bn=1=9)/1]

O(v/pnl) Z Z X BotitfIO By it

i=0 j=0

= O[(\/ﬁ)l V Bn/l] = O( V panl)

On the other hand, since X, 31 X;+3j11%, 0 < 7 < [(pn —4)/(31)], are iid,

IN

T

Pn 0 0 Pn
> > XKumar| < ) > KuKuran
u=1k=1-1 k=1-1 llu=1 T

T

IN

> Xit 31 Xt 3514k tk

k=1—1i=1 j=

= O(l2 V pn/l)

Therefore we have |Ui|l; = O(VPuBnl + 12v/pn/l1), implying |U; — E(U4)|, =
O(VpnuBnl). Let p, = |[n®+t0/3] and ¢, = [n(1*21/3 ], Then it is easily seen that
the Liapounov condition ||U; — E(Uy)||r = o[(an)1/2k;1/T] holds. &

0 31 ||l(pn—1)/(31)]
0

T

6.3 Proof of Theorem 3.2.

We adopt the block method. Let U,(\),r = 1,---,k, be iid blocks with block
length p = p, = [n*"(logn)~2|, V;(A\),r = 1,---,k, — 1 are iid blocks with
block length ¢ = ¢, = p,. The last block Vi, (\) is negligible. Let [ = [, =
| —4logn/logp(4)] as in the proof of Theorem 3.1. Define U,.(A\) := U.(\)x
1(|JU.(\)| < dp,) for r =1, -, ky, where d,, = [n1*/2(logn)=3|. Before we prove

the theorem, we first state a lemma.

LEMMA 6.3. Under the assumptions in Theorem 3.2, we have

sup Han()‘)Hl = O( pnan)a (46)
A€[0,7]
sup [|hn(A)[[1 = o(1), (47)
A€[0,7]
sup var(Uy(A\)) = O(pnBn), (48)
A€E[0,7]
var(Ui(A\)") = var(Uy(\))[1 + o(1)], (49)

where the relation o(1) holds uniformly over [0,].
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Proor. Let z =k,(p+q)+1—qand 7 =2+ /2. For any X € [0,7],

Bn n
VWl <€ S B[S XXyl
j=—Bn u=z

For |j| <1, | 2", XuXusill = O(vpul) since X, X,4; is 2l-dependent. When
> 0 I, X2 = 30 B(%uKuss X Kurss) = Olpal) since the
sum vanishes if |u — u'| > 1. So supyeior Ve, (Nll1 = O(VpaulBy). Let hn(N)
be the corresponding sum of h,(\) with X, X, 1% replaced by X, X, 1. As (42),
we have supjcjo ) [[hn(A) — ha(N|l1 = o(1). To show (47), it suffices to show
supxe(o,q] [1hn(A)[l1 = o(1) which follows from a similar argument as in the proof

of (46). Regarding (48), we have

2

P Bn
var(Ui(\) = |1 > AXuXupk — (k)
u=1k=—DBj
Bn
- Z Z {r(u—uyr(u—u' +k—K)+r —u+k)
u,u'=1k,k'=
XT(U - u— k‘) + Cum(Xo, X, X —u, Xu/_u+k/)}ozkozk/
= L+ L+

Note that I is bounded by Zh 1_p(@—[R)|r(R)| Z?]EZQBn (2B, +1—|g|)|r(h+9)|
which is less than p(2B,, + 1)(>_r_ |r(k)])?. Similarly, smaller bounds can be
obtained for I5 and I3 due to the summability of the second and fourth cumulants.
Thus supy¢(g - Var(U1(A)) = O(ppBy). For (49), let v = var{U1(A\) — U1(\)'} and
¢ = E(U1(N))E{U1(\) — U1 (N\)'}. Then var(Uy(\)') = var(Ui(N\)) — v + 2¢. By
Markov’s inequality and the order of ||[U;(\)||» verified in the proof of Theorem

3.1, we have

v < [UF/dR 7% = O((VPaBal) (log n)* T2 fnH0E=212) — o(p,, B,,)

and similarly ¢ < ||Uy(A)||ZFY/dn=t = o(p,By), where o(p,, By)-relation holds uni-
formly over A € [0,7]. By Lemma 6.2 and since f is everywhere positive, (49)
follows. %

PROOF OF THEOREM 3.2. Let H,(\) = ngl[Ur(A) — E{U,(M)}] and H,(\) =
S U (N = E{U-(A)}]. Let \j = mj/tn,j = 0,-++,tn, tn = [Bnlog(B,)]. By
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(48) and (49), there exists a finite constant C'; > 1 such that supyep - var(Ui(\)’) <
CipnBy. Let a,, = (C1nB, logn)'/2. By Bernstein’s inequality, we have

tn
/ /
P<O%a<?§nﬂn()‘j) 22an> < EO]P)(Hn()‘j) > 2an)
j:

< (14t ex —day
- n) GXP 2k, C1pn By, + 8dp o
= o(t,n ™) =o(1).

By Corollary 2.1 in Woodroofe and Van Ness (1967), supy¢(o.- Hn(A) = Op(as)

holds since

1UL () = Ul < U 7/d = O/ paBal) fd ") = o(v/nBuky, ),

consequently Zfll 1U-(\) = Up(N||1 = o((nB,,)"/?) uniformly over X € [0, x].
Similarly supyeo ] zﬁgl{vr(x) —E(V,(A))} = Op(ay,). Then the conclusion

follows from (46), (47) and, by (42), supe(o,x] 19n — > _p=y Yul1 = o((nBy)"?); see

(41). o

6.4 Proof of Propositions 4.1 and 4.2

LemMMA 6.4. (i) Assume (A4'), (A5 ) and X; € L3. Then max; j<, [cov(I7, I}) —
4f;‘5j7k| = O(1/n), where m = [(n —1)/2], 6;, =1 if j = k and 0 otherwise. (ii)
Assume (A4'), (A5) and X; € L. Then max; <, |cov(I;, I) — fj25j,k| =0(1/n).

Proor. We only show (i) since (i7) can be handled similarly. Note that

cov(IF,I}) = ﬁ 3 it —ta s i)\ —i(s1 —s2s5—50) M
ti,si€{l,-,n},i=1,-4
X cov (X Xy Xia Xty Xy Xy Xss Xs,)- (50)

By Theorem II.2 in Rosenblatt (1985), we have

cov (X, X, Xty X1y, Xy Xy Xy Xoy) = Y cum(Xy 545 € v1) -+ cum (X545 € vp),
v

where ) is over all indecomposable partitions v = vy U --- U v, of the two-way
table,

Xt1 (+) th(_) Xt3(+) Xt4(_)

X81(_) X52(+) X83(_) X54(—|—).



The sign in the above table is from the exponential term in the sum (50). Since
E(X:) = 0, only partitions v with #uv; > 1 for all i contribute. One of the many
indecomposable partitions consisting only of pairs with + in £ matched to — in s
(say, {(t1,51), (t2,52), (t3,83), (ts,54)}) leads to the sum [A(\j, \p)]*, where

n

1 ) j—18
ANy, M) = 3 D rty — s TN = F(A\) 1o, + O(1/n).

t1,51=1

The other indecomposable partitions consisting entirely of pairs (with + in ¢
matched to — in s) are {(t1, s3), (t2,82), (t3,51), (t4,84)}, {(t1, 1), (t2,54), (t3, s3),
(t4,s2)} and {(t1,s3), (t2, s4), (t3,s1), (ta,s2)}. It is easily seen after some calcula-
tions that partitions containing entirely pairs but with at least one + in ¢ matched
to one + in s result in a term of order O(1/n) for any j, k. All other partitions
that are not all pairs will give a quantity of order O(1/n) due to the summability
of cumulants up to the eighth order. Finally, it is not hard to see that O(1/n)
does not depend on (j, k). Thus the conclusion is established. &

LemMA 6.5. Assume X; € L8, (A2), (A3), (A{) and (A5 ). Then var*(e}) — 1
in probability and E*(|ef|*) = Op(1).

Proor. By (A3), f is a uniformly consistent estimate of f. It then suffices to

show
1 1Y
PN B oo 8

By Proposition 10.3.1 in Brockwell and Davis (1991) and Lemma 6.4, we have
E(I;) = f; +o(1) and E(IJQ) = 2f]2 + o(1) uniformly in j. Thus the first two
assertions follow from Lemma 6.4 since their variances go to 0 as n — oco. By
Lemma 6.4, E(I;-l) = cov(If,Ijz) (IEI?)2 = 8f;-1 + o(1) uniformly in j, the last
assertion holds. &

N
. . 1
in probability and N Z:

bw|bm
‘»|“u>

x|~

REMARK 6.1. For linear processes, FH remarked that their consistency result
strongly depends on the asymptotic normality of f,, and the weak convergence
of Ij  (z) (see Corollary 2.2). The latter condition holds under €; € L5 and (17)
by Chen and Hannan (1980). FH further conjectured that the result is presumably

correct, assuming only E(e) < oo, under which the weak convergence of F fm(:n)
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might be true. However, it seems from our argument (see the proof of Propo-
sition 4.1) that it is not the weak convergence of F'; (x) but the following two

conditions that play key roles; compare Proposition Al in FH:
N 2
N Z — —1 and Z —J2 — 2 in probability.
j=1 J

The proof of the second assertion above (see Lemma 6.4, 6.5) in a general setting

needs the stronger eighth moment assumption. &
Let Fa(k) = fo FA)eRNN, ra(k) = [T 2NN, #(k) = [§7 F(A)erdx

and Ff = {1,---,[n/2]}. By (A3), maxgez |F2(k) — ro(k)| < 2mmaxy |f*(N) —
F2N)| = op(b )

PROOF OF PROPOSITION 4.1. By Lemma 8.3 of Bickel and Freedman (1981), the
convergence under the do metric is equivalent to weak convergence and convergence
of the first two moments. By (A6), it suffices to show that

nbvar* (f5(\)) — o2(\) and L(V;F(N)| X1, -+, Xn) = N(0,0%(\)) in probability.

(51)
Let Aj = kBi_Bn a(kby)e A (ethwi 4 e=wi). Since the re-sampled residuals
{e}} are iid given X1,---, X, we have var*(If) = f]?var*(s’{), and, since I} = 0,
nbpvar®(f;; (X)) = var®(e]) Bn(A) 4 0p(1), where
nby, ~
jeFT
1 & , o |
= nB, Z a(kbn)a(k’bn)e—z)\(k—k) Z f]?{ezwj(k—k ) + ele(k-l-k )}
fok'=—Bn J€Fn
+op(1)
1 B,
— 1N —iAk—K') [ N /
~ B, > alkbp)a(k'by)e™ M ENFy (k= k) + Fo(k + K)} + op(1)
k,k'=— B,
1 S,
= 1\ —iA(k—k' / ,
~ 2B, Y alkbn)a(Kbn)e” M E N ok — K 4 ro(k + K)} + 0p(1)
k,k'=— B,
= RN + RPN + 0s(1) (say) . (52)
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Let Gu(k) = [Z7RY (NN, Bk) == [27 [, a®(u) f2(\)e* dud). Then, for
each k,

min(By,Bn+k) 1

Bn(k) = B—nrg(k) > aliby)a((i — k)by) — ro(k) / a? (u)du.

i=max(—Bn,—Bn+k) -1

Since |6y (k)| < C|ra(k )\ and Y., ra(k )] < 00, by the Lebesgue dominated con-
vergence theorem, R( ) — 20 f , a”(u)du. For R( )( A), A #0,+m, we have

1 2B, ' min(Bp,Bn+h) '
RP(\) = 5 ro(h)et > a(kby)a((k — h)by)e™ 2
" h=—2B, k=max(—Byn,—Bn+h)
2B
1 n i
= D, ro(h)eMO(1) — 0

It is easily seen that Rg)(}\) = R,(f)()\) when A = 0, 7. Hence by (52) and Lemma
6.5, nb,var*(f(\)) — o2(\) in probability.
Finally, since {e7} are iid conditional on {X1,---, X, }, by the Berry-Esseen

Theorem and Lemma 6.5, we have

( ; > ' CYjeps FIE ' A
o(—F )| < ]
mbar ()| =[5, e fovare () A2

nB}
- o <nB> |

which implies £(V*(\)| X1, -+, X,) = N(0,0%(\)) in probability since B2 = o(n)
and sup, |®(z/01) — ®(x/02)| < |o1/02 — 1|sup, |x¢(x)|. Here P* denotes the

conditional probability given the original sample. &

sup [P*(V,/(A) <) —

PROOF OF PROPOSITION 4.2. Since 7(k) = a(kb, )rk ,|k| < B, and 0 otherwise, for

Bn

B? 7 \,.(n) —i
Jn(X) = o Z a(k:bn)r,(g e FA(a(kby) — 1),
k=—Bn

we have E*f*(\) — f(\) = J,(\)B;2 + op(B;?) in view of B,/n = o(B;?). It
remains to show that E(J,(\)) — cof”(\) and var(J,(\)) — 0. Under (Al),
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B2 o
E(/n(N) = o~ > a(kbp)e ™A (1 = [k|/n)r(k)(a(kby) — 1)
k=—Bn,
B & .
= -3 > a(kbn)e " r(k)EbEca(1 4 0(1)) — caf” (M)
" =B,
and
Bt &
var(u(V) = > alkby)a(k'by)(a(kby) — 1)(a(k'by) — 1)
kk'=—B,
X e_i(k_k,)kcov(rlin) , T]irf))

X cov (X Xy k) Xor Xo )

Bn n—kn—Fk
= O(B,/n?) Z Z Z |cov (X Xeqr, Xor Xor a7 (53)

ke k'=0 t=1 t'=1
Note that cov(X; Xk, Xp Xy ppr) = r(t—t)r(t+k—t' —K)+rt—t' — K )r{t’ —t—
k) 4+ cum(Xy, Xyyg, Xor, Xpypr). The contribution of the first term r(t —¢")r(t+k—

t' — k') to (53) is O(B2 /n) Zf;_g 2 r(h)r(h+s)| = O(B3 /n) = o(1) since
> kez IT(E)| < oo. Similarly, the contribution of the second term to (53) approaches
zero as n — oo. The third term is O(B2/n) = o(1) due to the summability of the

fourth cumulants. &
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