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Abstract

We derive closed form expansions for the asymptotic distribution of Hansen and Scheinkman
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1. Introduction

Hansen and Scheinkman (1995) (HS thereafter) derived moment conditions for estimating the para-
meters of continuous time Markov processes using discrete time data. The HS moment conditions are
correctly centered, so the resulting parameter estimators are consistent. One impediment however
to the wide application of HS moment conditions in practice is the fact that the asymptotic variance
of the resulting parameter estimators is not known explicitly, beyond its generic GMM expression
(see page 540 in Conley et al. (1997)). Indeed, the intervening matrices in the asymptotic variance
take the form of expected values which cannot be calculated explicitly. Since the HS moment condi-
tions involve the choice of a set of “test functions”, the selection of optimal test functions would be
greatly facilitated if one could, for instance, analyze their impact on the variance of the parameter
estimators in closed form. So would the comparison with alternative estimation strategies, such as

likelihood-based inference. These are the objectives of this paper.

Furthermore, in typical quote or transaction-level financial data, not only are the observations
sampled discretely in time, but it is often the case that the time separating successive observations is
itself random. In Ait-Sahalia and Mykland (2003), we developed methods to analyze the distribution
of likelihood-based estimators for diffusions under these circumstances, compared the relative impact
of discrete vs. random sampling, and in Ait-Sahalia and Mykland (2004) provided a general approach
to deriving the asymptotic properties of estimators based on arbitrary moment conditions. Our
method provides explicit expressions for all relevant characteristic of the asymptotic distribution. In
regular circumstances, the estimator B of the parameter vector 3, converges in probability to some
B and \/T(ﬁ — B) converges in law to N(0,{3) as the time span T over which observations occur
tends to infinity.

For any such estimator, the corresponding asymptotic variance €13 and, when applicable the
bias 3 — B, are generally unknown in closed form. The solution we proposed is to derive Taylor
expansions for {23 and B— By starting with a leading term that corresponds to the limiting case where
the sampling is continuous in time. The expansion is with respect to a parameter € which indexes the
sampling intervals separating successive observations, as in A L €eAg, where Ay is possibly random

with a given finite distribution. Discrete (but not random) sampling corresponds to the special case



where Var[Ag] = 0. Our Taylor expansions are of the form
Q5 =0 + e + 2P +0(e). (1)

While the limiting term as € goes to zero corresponds to continuous sampling, by adding higher
order terms in €, we progressively correct this leading term for the discreteness of the sampling.
This method can then be used to analyze the relative merits of different estimation approaches, by
comparing the order in € at which various effects manifest themselves, and when they are equal the

relative magnitudes of the corresponding coefficients in the expansion.

In this paper, we apply and extend these tools to the specific set of HS moment conditions for
diffusions, analyze the properties of the estimators and compare them to the Cramer-Rao lower
bounds. In particular, we give explicit expressions for the asymptotic variance matrix of the HS
estimators in the Taylor series form (1) for arbitrary test functions. We then turn to the determination
of optimal test functions and the relative efficiency of the resulting estimators compared to likelihood

benchmarks. Both are made possible by the explicit computation of (1).

Let the parameter vector be written as 3’ = (6’,+') where 6 is the vector of parameters entering
the drift function and = those entering the diffusion function. Recall that HS propose two sets of
moment conditions, called C1 and C2 respectively, whose definition we will recall below. C1 is based
on the stationary distribution of the process only, while C2 involves its transitions over the time

interval corresponding to the frequency of observation.

A quick summary of our results is as follows. In the case of estimating 6, for known ~, our message
is upbeat. Not only are the C1 and C2 estimators fully efficient to first order in e (confirming the
result of Conley et al. (1997) in the special case of constant A), but they are also very close to being
efficient to second order in e. On the other hand, a disappointing result is that up to second order

in €, the C2 estimator is no more efficient than the C1 estimator.

For estimating 7, however, the efficiency is substantially inferior to that of the likelihood estimate
(by an order in €). Assuming one is not going to use the likelihood, it would seem that a good way
of using the C1 and C2 estimators is therefore to estimate vy by some other method, and then to
estimate 6 using C1 or C2. In view of the substantial theory on volatility inference for high frequency

data, this is a feasible approach.



The paper is organized as follows. Section 2 sets up the model and summarizes our approach
to analyze the asymptotic variance of general estimators in the context of discretely and possibly
randomly sampled estimators of diffusions. Section 3 then applies the method to derive closed form
expansions for the asymptotic variance of HS estimators. In Section 4, we use these expressions to
study the choice of optimal test functions and the efficiency of HS estimators relative to likelihood-
based estimators. An application of these results to a specific example of a diffusion process is

contained in Section 5. Section 6 concludes, while proofs are in the Appendix.

2. The Setup

This paper shares a common setup with our earlier work on the topic of estimating discretely and
randomly sampled diffusions using either likelihood or generic moment conditions (Ait-Sahalia and

Mykland (2003) and Ait-Sahalia and Mykland (2004)). Namely, suppose that we observe the process
dXy = p(Xy; 0)dt + o(Xe;v)dWy (2)

at discrete times in the interval [0, 7], and we wish to estimate the d-dimensional parameter vector
B = (¢',+") which lies in an open and bounded set. We let S = (x,7) denote the domain of the

diffusion X;. Define the scale and speed densities of the process
s (238) = exp {2/ (1 Gyo) [o*(y; 7)) dy} (3)
m (z;8) = 1/ (0 (x;7)s (x:8)) , (4)

the scale and speed measures S (z;3) = [“s(w;8)dw and M (z;8) = [“m (w;B)dw, and the

g (x;7) :/z du (5)

o(x;y)

transformation

We assume in Assumption 1 below conditions that make this transformation well-defined. By
Ito’s Lemma, X; = g (Xy;7) defined on S = (g(x;7),9 (Z;7)) satisfies dX; = i (Xt;ﬁ) dt + dW;
with

(@™ (@n);0) 100 (g™ (wn);5n)
B = g ) 2 Oz

where g™ denotes the reciprocal transformation. We also define the scale and speed densities of X ,

§ and m, and \ (z;8) = — (ﬁ (z; 8)% + Ofi (z; B) /Gx) /2.
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We will denote by L? the Hilbert space of measurable real-valued functions f on S such that
lf ||2 =F { f (XO)Q} < oo for all values of 3. When f is a function of other variables, in addition
to the state variable y;, we say that f € L? if it satisfies the integrability condition for every given

value of the other variables.

We call the observations times on the X process 79 =0, 71, T2, ..., Tn,,, Where Nt is the smallest
integer such that 7,41 > T. We suppose that the sampling intervals A, = 7, — 7,—1 are i.i.d., and
independent of the X process and of the parameter 5 (see Assumption 2 below). In other words, we
observe

Y0,A1,Y1,089, Yo, ., Anp—1, YNgp—1

where Y; = X,,.

Throughout the paper, we denote by A a generic random variable with the common distribution
of the A,’s and write

A = eAg (6)

where Ay has a given finite distribution and € is deterministic. While we assume that the distribution
of the sampling intervals is independent of 3, it may well depend upon it own nuisance parameters
(such as an unknown arrival rate). An important special case occurs when the sampling happens to
take place at a fixed deterministic interval A, corresponding to the distribution of A,, being a Dirac

mass at A.

In Ait-Sahalia and Mykland (2004), we considered r—dimensional moment conditions h(y1, yo, d, 3, €),
which are continuously differentiable in the d—dimensional parameter vector 3, r > d. In standard
GMM fashion, we form the sample average

Npr—1
mT(ﬁ) = NEI Z h(YTLvYnflvAnvﬁ7 6) (7)

n=1

and obtain B by minimizing the quadratic form

Qr(B) = mr(B) Wrmr(B) (8)

where Wy is an r X r positive definite weight matrix assumed to converge in probability to a positive
definite limit Wjs. If the system is exactly identified, »r = d, the choice of W7 is irrelevant and

minimizing (8) amounts to setting mz(5) to 0. The function h is known in different strands of the



literature either as a “moment function” [see e.g., Hansen (1982)] or an “estimating equation” [see

e.g., Godambe (1960) and Heyde (1997).]
Consistency of 3 follows from

Ea vy, [MY1, Y0, A, By, €)] =0. )

where we denote by Ea v, y, expectations taken with respect to the joint law of (A, Y7, Yp) at the true
parameter 3y, and write Ea y;, etc., for expectations taken from the appropriate marginal laws of
(A, Y1), etc. Some otherwise fairly natural estimating strategies lead to inconsistent estimators. To
allow for this, we do not assume that (9) is necessarily satisfied. Rather, we simply assume that the

equation Ea vy, v, [R(Y1, Y0, A, B,€)] = 0 admits a unique root in 3, which we define as 8 = (B, €).

For the estimator to be consistent, it must be that 3 = 3, but, again, this will not be the case
for every estimation method (although it will be for the HS moment conditions). However, in all the
cases we consider, and one may argue for any reasonable estimation method, the bias will disappear
in the limit where € — 0, i.e., 8(3,0) = 3, (so that there is no bias in the limiting case of continuous

sampling) and we have an expansion of the form
B =B(Bos€) = By +bWe + 6P + 0 (). (10)

For the HS moment conditions, we have simply b)) = 0 for all 7 > 1 as the estimators are correctly

centered.

With Np/T converging in probability to (E[A])7}, it follows from standard arguments that
VT(B — B) converges in law to N(0,s), with

Q' = (E[A])"' D55 Dg. (11)
where
Ds = Eavivi [h(yl, Yo, A, B, e)] . S5, = Eavive [M(Y115, Y5, A, B, €)h(Y1, Yo, A, B, )]
and Sg = j;’i’oo Sgp,j. If r > d, the weight matrix Wy is assumed to be any consistent estimator of

Sgl; otherwise its choice is irrelevant. A consistent first-step estimator of /3, needed to compute the

optimal weight matrix, can be obtained by minimizing (8) with W = Id.



The standard infinitesimal generator Ag is the operator which returns

of of 1 O f

+u(y1,90)8— + 50 (yh’m)ayz
1

, I = ; (12)

when applied to functions f that are continuously differentiable once in 4, twice in y; and such that
df/dy1 and Ag, - f are both in L? and satisfy

i 20700 _ i 95100
n—xs(yi; B) =z s(y1; )

=0 (13)

(see Hansen et al. (1998)). We define D to be the set of functions f which have these properties and

are additionally continuously differentiable in §and e.

To calculate Taylor expansions in € of the asymptotic variances when the sampling intervals are
random, we introduced in Ait-Sahalia and Mykland (2003) the generalized infinitesimal operator T'g
for the process X in (2). Our operator I'g, is defined by its action on f € D as follows:

g, f= AoAgo-f—i-g—i-g—g? (14)

Define D7 as the set of functions f which with .J + 2 continuous derivatives in &, 2(.J +2) in yy, such
that f and its first J iterates by repeated applications of Ag, all remain in D and additionally have

J + 2 continuous derivatives in § and e.

The Taylor expansion of a function f(Y1, Y, A, B, ¢€) € DY is:

J

By; [F(Y1, Y0, 8, 8,0)[Y0, A = 6] = Z], (1%, - F) (Y0.Y0,0.80,0) + 0, (1) . (15)
7=0

All the expectations are taken with respect to the law of the process at the true value ;. The
usefulness of this approach lies in its ability to deliver closed form expressions for the terms of the

Taylor series in (15) for arbitrary choices of the moment functions h.

As described in Assumption 3 below, the moment functions h selected to conduct inference are

of the generic form

H(yhy()u(saﬂ?E)
5 )
where h € D’ and H € D’/*!. The term H captures the singularity (i.e., powers of 1/8) which can

h’(ylvyﬂa 5a57 6) = B(ylﬂyOa 5767 6) +

occur in some estimation strategies (this will not be the case for the HS moment conditions, but

is necessary for likelihood inference, for instance). In Appendix B, we recall the general results in



Aft-Sahalia and Mykland (2004) regarding the matrices Dg, Sgo and T3 = Sz — Sgo as functions of

the specification of the vector of moment conditions h.

We will now make these results specific in the special case of the HS class of moment functions,

and compare them to other situations.

3. Estimators Based on Hansen-Scheinkman Estimating Equations

The HS moment conditions are in the form of expectations of the infinitesimal generator, one uncon-
ditional and one conditional, that can be applied to test functions. The simplifying feature of the
method of moments approach, which is not specific to the context of discretely sampled diffusions,
is that it requires only the specification of a set of moments rather than the full conditional density
of the diffusion. The flip side of this simplification, however, is that it will not, in general, make
efficient use of the entire information contained in the sample. We will characterize precisely this loss
of information in our specific context of discrete sampling from a diffusion. Unlike the typical use of

“natural”

the method of moments, however, one cannot in general select as moment conditions the
conditional moments of the process since explicit expressions for the conditional mean, variance,
skewness, etc. are not available in closed-form. Rather, the moment conditions, i.e., our A functions,

are in the form of the infinitesimal generator of the process applied to arbitrary test functions.

Kessler and Sgrensen (1999) proposed to use the eigenfunctions of the infinitesimal operator as
test functions; unfortunately, these are not explicit either, except in special cases. One additional
aspect of the HS method is that it does not permit full identification of all the parameters of the
model since multiplying the drift and diffusion functions by the same constant results in identical
moment conditions. So parameters are only identified up to scale. For instance, in the Ornstein-
Uhlenbeck example of Section 5, only the stationary variance v/(26) can be identified, but not 6 and
~ separately. Because of this limitation of the method, we will use the method to estimate 6 with ~y

known, or vice versa, but not both together.

HS give two ways of forming estimating functions in the case of sampling at a fixed deterministic
A, which are referred to as the C1 and C2 moment conditions. In what follows, we apply our general

theory to determine the asymptotic properties of estimators using these estimating equations; our



results give these properties when the sampling intervals are fixed and deterministic, but also when

they are random.

3.1. The C1 Moment Condition

Let us start by analyzing C1, as in the empirical implementation of the method in Conley et al.
(1997). The C1 method takes a sufficiently differentiable function (yo, ) in the domain of the
operator Bg defined below and forms the estimating function which in our notation is given by

0%

0 1
hc1(y1,v0,0, 8, €) = he1(yo, B) = B - ¥(vo, 8) = 1(yo, 9)—1/} + —UQ(yo;’Y)@—yg-
0

gy 2 (16)

This is a function of (yo,3) only. Note that the operator Bg differentiates with respect to the

backward state variable yo as opposed to the forward state variable y; (as in our definition of Ag).

The C1 estimating equation relies on the fact that we have the unbiasedness condition

By, [Bg, - ¥(Yo, 8)] = 0. (17)

Once Bg is evaluated at 3, this is true for any value of 3 in 9, including 3. A consequence of this is
that the estimator is unbiased (recall (9)): we have 3(3,, €) = 3, identically because ho1 evaluated

at [, has unconditional mean zero.

Equation (17) follows from the fact that X is a stationary process, hence the unconditional
expectation of any function of Xy, such as Fx, [(X¢, 3)], does not depend upon the date ¢ at which
it is evaluated: thus (0/0t)Ex, [v(X¢, 8)] = 0, from which the result follows.

In our setup, hey only depends on (yp, 3), and not on (yi1,9,€). It follows that

(Fﬁo : h’Cl) (ylay()vé?B? 6) =0 (18)

identically, and hence the expansions of hoy (for the function ¢q), he (for Dg) and hcy % her (for

S5,0) will stop at their leading term and be exact.

Of course, we could equivalently have taken the moment function to be of the form

- 0
ho1(y1, B) = Ag - ¥(y1, 8) = M(ylﬁ)a—;}l + %02(%;7)

)
oy}



i.e., as a function of y; instead of y5. We would get the same result since the unconditional expectation
of any function f(Y1,3) € D’ is obtained by computing in our method

J

By L4190, A = 32 5 (T4, - ) (4. 80) + 0, (¢71).

Jj=0

Next, (rg’o : f) (Yo, By) = A (Ago : f) (Yo, B,) since Of /O¢ = 0 and 93/de = 0 given that the

estimator is unbiased. When taking unconditional expectations, we have
By, [(45, - 1) (Yo, 80)| =0

for all j > 1 because the expected value of the generator applied to any function is zero — this is
indeed (17). That is, the expansion for the unconditional expectation over the law of Y; will stop
after the leading (j = 0) term. Therefore, computing Ey, [f(Y1, )] as prescribed by our method,
i.e., through the law of iterated expectations in the form Eay, [Ey; [ f(Y1,5)| Yo, A]], will produce
the same result as writing down directly Ey, [f(Y0, 5)]. In other words, using (16) or (19) as moment
functions will yield the same results. The form (16) gives the result directly, and we will therefore

use it.

Because of the form of h¢q, the only difference between estimating 6 and estimating v appears

in Dg. Also, because hci(yo, Yo, 0, B¢, 0) is non-zero, we have aci = 0. The specific expressions are

qc1(Yo, Bo, €) = qc1(Yo, B0, 0) = Bg, - ¥(Yo, By), (20)
and
Dy = Déo) _ Dy = Ey, {aﬂ(%’go) 81#({39:;’50)] when estimating 6 (1)
Dy = 3By, {80 (3};0’70) ; wg;%’ﬁ 0)] when estimating v
Sso = SSh=—3Bv |0V %)amgz, 2, (M?y’ %))2] o)
15 | (470 (%@W)Ql

The more difficult calculation involves the time series term T3. As part of the proof of the

following theorem, we show that
T =T + 18 + 0(e) (23)

9



where

2

T = Tag 0 [(her % ren)]
o _ (BIAY] —2E[A?) A v\ 2 oy
I = S lEme P | <6—y2) ~ 28 | (é@) oyl [

We then put together the expansions of Dg, Sz and Tj to obtain the expansion for {13. The

terms of order € are given by
0 -1 02 0 -1 02
o) =157V (DY), @ =150/ (DO,
when estimating 6 or ~ respectively, while the terms of order €' are:

o = Bl (S5 +T1) / (Dg0>)2 L0 = E(ad (ST +18") / (Dg‘)))Z .

The specific expressions, which characterize the asymptotic properties of the estimators based on

the moment condition h¢, are given by:

Theorem 1. (Properties of the Estimators based on the C1 Condition) If hoy is used to estimate

either 6 or vy, the estimator is unbiased and we have
Q5 = + ) + 0(?) (24)
where, when estimating 0,

9
FEy, [02(3/0770) <_6w(§;ﬁ )> ]

e ? (25)
Op(Yo,00) 9v(Yo,B
By, [ M(ag 0) (8(; o)]
2 2 ) ) )
" Var[Ao] <EY0 [04(5/07’70) (%W) } — 2Fy, [02(%’%)011(33’2,60) (dw(gfzﬁo)) ])
Q= 2
1E[Aq] By, | 2550 20Ce0)|
and, when estimating -,
2
15y, |07 70) (25520
e 02(Yo.20) O20(¥0.50) | (26)
Ey, [ o (8'3770) wéygﬂo)]

P 2 P 2
Var[A) <Ey0 [04(5/0,%) ety ] 9By, [az(yo 7o) 2400d0) (203000 D

2
E [AO] EYo |:602(8Y3,70) 321!’((;;%750)}

1
o) =

10



3.2. The C2 Moment Condition

Consider now the C2 moment condition. The C2 method takes two functions ¢, and ;, again
satisfying smoothness and regularity conditions, and forms the “back to the future” estimating

function

h’CQ(ylayOada 676) = h’CQ(yhyOv - {AB 7/}1 yla }X@ZJ() y07 {Bﬁ ¢0 yﬂv }Xd]l Y1, ) (27)

In general, Bg should be replaced by the infinitesimal generator associated with the reverse
time process, AZ} (see ). But under regularity conditions, univariate stationary diffusions are time
reversible (see Kent (1978)) and so the infinitesimal generator of the process is self-adjoint and so

we can define hco above using the operator Bg (itself defined in 16).

The C2 estimating equation relies on the fact that, when the operators Ag and Bg are evaluated

at the true parameter 3, then

Evyvi [{A4s, -1 (Y1,8)} x ¥o(Yo, 8) — {Bg, - o(Yo, 8) } x 11 (Y1, 8)] =0. (28)
Once Ag is evaluated at 3, this is true for any value of 3 in v, including fy.

Equation (28) is again a consequence of the stationarity of the process X. Namely, the expectation
of any function of (X¢, X;15), such as Ex, x, s [Vo(Xt, 8)¥1(Xeys, B)], does not depend upon the

date ¢ (it can of course depend upon the time lag § between the two observations): hence

%Extvxm Wo(Xe, By (Xeys, )] = 0

from which (28) follows.

C2 can alternatively be obtained, as shown in Ait-Sahalia (1996), by combining the Kolmogorov
forward and backward equations characterizing the transition function p (y1]y,, A.5) in a way that
eliminates the time derivatives of p, which are unobservable with discrete data. Combining the two

equations yields the “transition discrepancy”:

2
v(nlyg, A, B) = {%;—y%(az(yl,’y)p(yl\yo,ﬁ,ﬁ))—%(u(ylﬁ)p(yllyo,&ﬂ))}

2

{u(yo,(?)aiyo(p(yllyo,ﬁ,ﬁ)) ; (yo,'v)gy (p (y1lyo, A, ﬁ))}

0

11



which, for every (z,y) in S? and A > 0, must satisfy

v (y1lyo, A, B) = 0.

It follows that
EYO,Y1 [V (Y1|Y07A76) ¢1(Haﬁ)¢0(%vﬁ)] =0. (29)

for all suitably differentiable (1), ;). Now, writing the expected value in integral form, then inte-

gration by parts, and the fact that

™ (y, B) pu (y,0) = %a% (0% (y,7) 7 (v, B)) ,

it follows that the equality (29) implies the equality (28).

When considering this case, it is worth while to be careful about how the Dg, Sg and {23 matrices

depend on the distributions of Ag and Yj.

Theorem 2. If hco is used to estimate either B =60 or = o2,

DY =Dy DY = E[AD

B B
- 1 ~(— & Var [AQ] (0)
S( 1 _ S( 1) S(U) _ S(O) R el U S 30
B E[Ao] B B B E[A0]2 8,0 ( )

where Bg)), Jig), Sgl), 51[(30); and Sg?()) depend only on 1, ¥y, 1, 02 and the distribution of Yy (and

not on the distribution of Ag. Specifically,

0 o (2 3 L
PO _ Dé ) — Ey, [5‘5 (aiyl% N ¢17‘1§)] when estimating 0 (31)
B D(O) lE 9o2 821/11 . 1/} 821 h ti ti 2
v = 5Ly, _’Y —8y2 0 1483;2 wnen estimating o
~ (1 e dpg 92 —
Dé ) — %EYO [02%% (84;@171/;1 — %la—zﬁlﬂ when estimating 0
H) H) _ 1 20902 (8¢g 0¥ Ny 8¢
Dg” = | Dy’ =1Ew [0 o (Ty:alwyl - #yla—ysl) (32)

2 2 2 2 . .
1 g2d% (985395_11;1 _ %%;@1)] when estimating o>

Sho = Bvo |({As, - ¥1(¥o, B0)} x (Yo, Bo) — {Bs, - oY, B)} x ¥1(¥0,8))°]  (33)

» My O\
1) _ 2 0 gL
g Ey, |o <1/J1 2y (o0 3y) ] (34)

We can now state the asymptotic properties of the estimators based on the C2 moment condition:

12



Theorem 3. (Properties of the Estimators based on the C2 Condition) If hoo is used to estimate

either @ or o2, the estimator is unbiased and we have
Q5 = 0 + ) + 0() (36)
where, when estimating 0,

P P 2
EYO |:0'2(}/07'YO) (@bl(%vﬁﬂ)%w - ¢0(%7ﬁ0)%%) :|

0l — . (37)
By, 220580 (200000 (¥5, 5y) — iy (Yo, ) 2e52L0) )|
and, when estimating o,
o 4 By, [UQ(YO,’W (1(¥0, ) 2G) — %(YO,ﬂo)a—%%;Mﬁf] -
” Ey, [(az—wla%?jﬁwo(%ﬂo) - 7/’1(%,50)%%%)}2
The expressions for Qél) and QS“Q), which are more involved, are summarized by
AW = B [Ag 00 4 Yor [Ad) S50 (30)
o "B (D))
where g0 pO g1 M
Q(Bl) _ "B 7B B (40)

(DSD)?;

The form given in (39)-(40) will be useful in the next section.

4. Efficiency Properties of the Hansen-Scheinkman Estimators

4.1. Comparison with Likelihood-Based Estimators

In Ait-Sahalia and Mykland (2003), we studied the effect that the randomness of the sampling
intervals might have when estimating a continuous-time model with discrete data, as would be the
case with transaction-level returns data. We disentangled the effect of the sampling randomness from
the effect of the sampling discreteness, and compare their relative magnitudes. We also examined the
effect of simply ignoring the sampling randomness. We achieved this by comparing the properties of

three likelihood-based estimators, which make different use of the observations on the state process

13



and the times at which these observations have been recorded. We designed these estimators in such
a way that each one of them is subject to a specific subset of the effects we wish to measure. As a

result, the differences in their properties allowed us to zero in and isolate these different effects.

The first estimator of 3 we considered is the Full Information Maximum Likelihood (FIML)
estimator, using the bivariate observations (Y, A,); the second is the partial information maximum
likelihood estimator using only the state observations Y;,, with the sampling intervals integrated
out (IOML for Integrated Out Maximum Likelihood); the third is the pseudo maximum likelihood
estimator pretending that the observations times are fixed (PFML for Pretend Fixed Maximum
Likelihood). Not surprisingly, the first estimator, FIML, is asymptotically efficient, making the
best possible use of the joint data (Y,,A,). The second estimator, IOML, corresponds to the
asymptotically optimal choice if one recognizes that the sampling intervals A,’s are random but
does not observe them. The third estimator, PFML, corresponds to the “head-in-the-sand” policy
consisting of acting as if the sampling intervals were all identical (pretending that A,, = A for all n)

when in fact they are random.

Both FIML and IOML confront the randomness issue head-on. FIML uses the recorded sampling
times, IOML does not, but still recognizes their relevance by integrating them out in the absence of
observations on them. Because the data are always discretely sampled, each estimator is subject to
the “cost of discreteness,” which we define to be the additional variance relative to the variance of an
asymptotically efficient estimator based on the full continuous-time sample path. It also represents
the error that one would make if one were to use continuous-time asymptotics when the data are
in fact discretely sampled. However, FIML is only subject to the cost of discreteness, while IOML
is penalized by both the fact that the data are discrete (the continuous-time sample path is not
observed) and randomly spaced in time (the sampling intervals are not observed). The additional
variance of IOML over that of FIML will therefore be identified as the “cost of randomness,” or the
cost of not observing the randomly-spaced sampling intervals. But if in fact one had recorded the
observations times but chosen not to use them in the empirical estimation phase, then what we call

the cost of randomness can be interpreted as the cost of throwing away, or not using, these data.

By contrast, PFML does as if the sampling times were simply not randomly spaced. Comparing
it to FIML gives rise to the cost imputable to ignoring the randomness of the sampling intervals,

as opposed to the what we call the cost of randomness, which is the cost due to not observing the
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randomly-spaced sampling intervals. In the former case, one (mistakenly) uses PFML, while in the
latter case one realizes that the intervals are informative but, in their absence, IOML is the best one
can do. Different types of estimation strategies in empirical market microstructure that do not use
the sampling intervals can be viewed as versions of either IOML or PFML, depending upon their
treatment of the sampling intervals: throw them away, or ignore their randomness. They will often
be suboptimal versions of these estimators because they are subject to an additional efficiency loss

if they do not use maximum-likelihood.

All three estimators rely on maximizing a version of the likelihood function of the observations.
Let p(y1|yo, 6, B) denote the transition function of the process X. Because of the time homogeneity
of the model, the transition function p depends only on ¢ and not on (¢,t + §) separately. All three
estimators make use of some functional of the density p: namely, p(Y,,|Y,—1, Ay, 8) for FIML; the ex-
pectation p(Yy,|Yy_1,8) of p(Yn|Yn_1, An, B) over the law of A,|Y,,_1 for IOML; and p(Y,|Ys_1, A, B)
for PFML (i.e., like FIML except that A is used in place of the actual A,,). In practice, even though
most diffusion models do not admit closed-form transition densities, all three estimators can be cal-
culated for any diffusion X using arbitrarily accurate closed-form approximations of the transition
function p (see Ait-Sahalia (2002)). We also show that p can be obtained in closed form. While
FIML and IOML are always consistent estimators, i.e., 5 = f3;, this is not the case for PFML when
the sampling intervals are random. We are here particularly interested in comparing the C1 and C2

estimators with the FIML and IOML estimators.

>From Ait-Sahalia and Mykland (2003), we have that

QEIML _ Q((QFIML,O) +0(&) (41)
QIOOML _ QéIOML,O) i EQéIOML,l) +0 (62) : (42)

where
QéFIML,O) _ QéIOMLO) _ (EYO [0—2(1/0770) ((9M(Y0,90)/89)2D_1 (43)

which is the the leading term in €y corresponding to efficient estimation of § with a continuous

record of observations.

And the price of ignoring the sampling times 7g,71,... when estimating 6 is, to first order,

represented by
QUOMLL) _ E[Var[Ao|x7A]]
4 E[Ag]

v,
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and “x?” is a x? distributed random variable independent of Ay, and

82 u(Yo,B4) \ 2 Ou(Yo,00) ( 0u(Yo,B0) \ 2
(EYO [03( o)) ] _omy, [03 uYoto) (21050)) D
V= —— . (44)
4EYO [( M{;‘%’O) }

Note that V' > 0 by the asymptotic efficiency of FIML.

And the leading term in €2, corresponding to efficient estimation of -y is

QEIML —¢ Q%FIML,I) +0 (6 )

Q}yOML — EQ,(YIOML’I) +0 (62) ’

[\

where

—1
QML = UOMLY = BA] (2By, |(90(Yo,70)/07)” o(Yo,70)2]) -

In the special case where o2 is constant (y = o), this becomes the standard AVAR of MLE from

ii.d. Gaussian observations, i.e., Q" = 204E [A].

These leading terms are achieved in particular when h is the likelihood score for € and  respec-
tively, as analyzed in Ait-Sahalia and Mykland (2003), but also by other estimating functions that
are able to mimic the behavior of the likelihood score at the leading order. So, we now turn to a

comparison of the AVAR of these two estimators to the likelihood-based FIML and IOML to find

out whether this is the case for these classes of moment conditions.

4.2. Efficiency of the C1 Estimator

>From Theorem 1, we can study the first order efficiency of the C1 estimator relative to the
likelihood-based estimators. For the purpose of estimating either 6 for + known, or vice versa,
or more generally for a scalar parameter 5 so that 6 = 0(3) and v = (), Conley et al. (1997) (p.
565) proposes to use 1 given by

0U(y.B) _ 9 <2u(y,9)302(y,’7)/3y>
Ay 9B a*(y,7) '

(45)

This choice of v yields a C1 estimator Ag - which is test function efficient in the sense of
Appendix C of Conley et al. (1997). In the case of estimating 6 for v known this in the same as as
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saying that (45) minimizes Qéo)

ol

. Similarly, in the case of estimating v for § known, (45) minimizes

We consider further the estimation of 8 for v known. With Theorem 1, one can see that something
stronger than test function efficiency holds. Qg)) for this v coincides with the corresponding Qg)) for
the full information maximum likelihood (FIML). In other words, to first order in €, Ag - % is fully
efficient. This fact is easily seen by substituting (45) into (25), and comparing to the corresponding
expression in Corollary 2 (p.510) of Ait-Sahalia and Mykland (2003). (The latter expression is only

given for 02 = 42, but the extension to general o%(y) follows from the development in Ait-Sahalia

and Mykland (2004).) The efficient first order asymptotic variance has the form

In view of this efficiency property, it is obvious that this choice of ¢ also minimizes the expression

(25). This is shown, with different expressions, in Appendix C of Conley et al. (1997).

To consider the efficiency question more carefully, we shall for now fix o2 to be independent
of y, and continue to use the first order optimal choice (25). Note that the relevant comparison
is not with the full information maximum likelihood (FIML), but rather what we in Ait-Sahalia
and Mykland (2003) called the “integrated out maximum likelihood” (IOML). This estimator comes
from a likelihood which uses the observations Yy, Y7, ..., but not the spacings A1, Ao, ... between the
observations. The reason that this is the relevant comparison is that the C1 estimators also do not
use these spacings. In view of the Cramér-Rao lower bound, the asymptotic variance of the IOML
is the best possible that can be obtained using the partial data Yp,Y7,.... Hence the discrepancy

between the two is then the cost of using the C1 estimator relative to a maximally efficient estimator.

To see what happens, recall V' defined in (44). We then have from Theorem 1 that, on the one

hand, for the C1 estimator
q(cty _ VarlAo]
) =

—— V.
E[Ao]
Thus, the cost of using the C1 estimator rather than IOML is summarized by
QéCLl) B Var[Ao] (46)
QUML) ~ BlVar[Aoh Aol

As it should from from the Cramér-Rao lower bound, this quotient is always greater than 1. It also
depends only on the distribution of the sampling intervals, i.e., the law of Ag. The size of the quantity
is explored in Section 5.4 (pp. 511-514) of Ait-Sahalia and Mykland (2003), where we showed in
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particular that

2A ) 2
B [Var [Dolx20o]] = E[A2] — B | (28,4002 | 47
|: ar [ O‘Xl 0j|j| [ 0] [(Xl OmQ(X%AO) ( )
where x? and Ay are independent random variables and
—q b
mq(b) ZEZ Z d() ﬁ s (48)

where Z is N(0,1) and dp is the density function of Ay.

With those results in hand, it is easily seen that, for example, when A is exponentially distrib-

uted,
Qécu) 8
Qé’IOML,l) 3

If one wishes to compare to the FIML estimator rather than IOML, it is shown in Ait-Sahalia
and Mykland (2003) that the e-term in the expansion of the asymptotic variance is zero, so compared

to this both the C1 and IOML estimators are inefficient.

For the case of estimating v for known 6, however, the test function efficiency in C1 does not
yield first order efficiency. Indeed, 9(701) is of order O(1) as € — 0, that is 9(701’0) > 0, while
the asymptotic variance of both the FIML and the IOML is or order O(e) (see Ait-Sahalia and
Mykland (2003)). This lack of efficiency is not surprising since volatility estimation is inherently
about (squared) changes or increments of the process, and the C1 set of moment conditions uses no
information about the increments. One could therefore expect that C2, which is able to utilize the

increments, will probably be better suited to estimating the set of v parameters. As we will see,

however, this is not the case.

4.3. Efficiency of the C2 Estimator

Surprisingly, to first order, nothing is gained by using the C2 estimator rather than using CI.

Specifically, what we mean by this, is that when QéCQ’O)

)

is minimized over 1), and v;, one obtains

the same result as when QéCLO is minimized over ¢. And similarly for Q(WCQ’O).

To see this, let § = 6 or = ~, and write the first order asymptotic variances as functionals
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Q(BCLO) [¢] and 9(502,0) [¢g,%1]. One then sees that Q(BCQ’O) [tbo, 1] = Q(gcm) [¢] for the choice

87/}(1/0760) _ _31/’0(3/(),50)
oy N dy

87/}1(}/(% BO)

wl(YELBO) + 8y

1o(Yo, Bo) (49)

In other words, for any choice of ¢y and v; in C2, there is an equally good choice of ¢ for CI.

In the case of estimation of 0, it is also not to be expected that that C2 could improve on C1 in
the sense discussed above, as C1 is already comparable to likelihood to first order in €. For estimating
v, however, the result is quite disappointing. Since C2 involves transition information where C1 does

not, one could have hoped that it would give better efficiency.

Is there improvement to higher order, at least? For this, we use the results in Theorem 2 above.

Before stating results, note (for comparison with the C1 case) that Dg)) and S g)()] are the same in the

C1 and C2 cases when one makes the identification (49). Thus, noting the form of Té%l’o)

0
Q(Clul) _ VG/I“ [AO] S/év()) (50)
3 = .
E[Ao] (D)2
Recall that above, we have shown that
(0)
~ VG/I“ [Ao] Sg 0
0zl _ p [Ag] oW + , (51)
B B 0
E[A] (Dé,g))Q
This sets the stage for:
Theorem 4. For optimal choice (45) of 1, and if 1y and v, satisfy (49),
~(1
Ol >0 (52)

Proof of Theorem 4 Using the notation from the previous subsection, since QéCQ’O) = QgOML’O)

and since QéCQ) > QéIOML), it follows that Qécz’l) > QéIOML’l). Since, for the optimal choice of 1,

V= Sg?()) / (Dg?()))z, the inequality becomes:

)

9
E[Ag &V + Var [AO]V S E[Var[Ag|xiAo]]

ST ER VST BBV (53)

This must hold for any distribution of Ag so long as E [Ag] > 0, E [A] < +oo, and Var[Aq] > 0.
Having said that, one can then take a limit of a sequence of distributions of Ag so that Var[Ag] = 0,

while the two other conditions remain. This proves the result.
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This would seem to suggest that if 1) is chosen optimally, one cannot to this order improve on the
C1 estimator by using a C2 estimator. There are a couple of caveats: the improvement may occur
to higher order, and we have not investigated this. We have no result on whether C2 can improve on
C1 for a non-optimal v, but with ¢, and ¢, satisfying (49). We also don’t know whether Q(ﬁl) >0

is a possibility.

Since C1 is a special case of C2 (choose 1y = 1 and 1; = v, one can obviously make Q(ﬁl) =0

with the correct choice of 1, and ;.

5. Example: The Ornstein-Uhlenbeck Process

We now apply the inference strategies of the previous section to a specific example, the stationary

(0 > 0) Ornstein-Uhlenbeck process
dXt = *QXtdt + O'th (54)

where v = 02 and specialize the expressions resulting from the general theorems that precede. We
also compare how the different estimation methods fare relative to MLE. The transition density
I(y1]y0,6,8) = In(p(yilyo,d,B)) is a Gaussian density with expected value ey, and variance

(1 —e729%) ~/20. The stationary density 7(yo, 3) is also Gaussian with mean 0 and variance 2/(26).

For this model, we have from Table III in Ait-Sahalia and Mykland (2003)

3 3
QéFIML) = 200 +¢€ (7200E A0 ) +0 (63) .

35 [A)
2 2
(IOML) 200 [Var [Ag|x*Ao]] 2
Qp = 200+e< E A +0 (¢9)
and
QFNL) — ¢ (2632 [Ao])
403 E [Ao]
(IOML) _ 0 0 2
& (s=rroram) O

The C1 estimation method involves an element of choice, namely the selection of the test function

1. We presently give the expressions that follow from applying Theorem 1 to the Ornstein-Uhlenbeck
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process with 1 chosen to be proportional to dlog w/95. This is the choice advocated by Conley et al.
(1997): see their Sections 3.2-3.3 and Appendix C where they show that this choice is approximately

optimal among the restricted class of moment conditions they consider. In this case, 7 is the normal

2 = 02/20, so one gets

y2 _ I€2 8/4,2

w(y76) - 2ch 6_6

density with mean 0 and variance &

where 3 is either § or o2. One can estimate 6 for given o2, or vice versa. Note that Ag-Y(y,B) =

For the estimation of 6, the quantities from Theorem 1 are as follows:

1
D9—€<0—0)

_ 2 2 [_E[AG]
S@,O—E<m — 2¢ <(E’[TOO])2+1>+O(E3)
AZ
Ty = 4¢> <(§[[TQO]])2> +0 (63)

B 202V ar [Ag] 9
99—290+6< E[Ao] +O(€),

while for the estimation of o2, one obtains

D=y
TR
0, =270 4 <_20%;/[CLATO[]AO]> 10(@)

It is noteworthy that this is the only case where Q.2 is of order O(1) in € as opposed to order
O(e€). While this follows from applying the general Theorem 1, a simple direct demonstration of this
in the Ornstein-Uhlenbeck case is as follows. Note that Ag -1 (y,8) for estimating 6 is f(y, x?)/x?,
where f(y, k%) = y? — K2, while Ag - (y, ) for estimating o2 is —f(y, k?)/2x*. Hence, if one sets
/2 = N ! >, Yi, and if one lets 6 denote the estimator of 6 for o2 known, and similarly define 62,
one gets 0 = 02/2&% and 62 = 204> It follows that

VT(6% — 0%) = 20VT (R — k%) = —%2\/?(@ —0) + 0,(1), (55)
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whence Q.2 = (64/6%)Qy. Since Qp is O(1) in ¢, then so is ,2. This first-order efficiency loss is a

natural consequence of the absence of conditioning information in the C1 method.

In the case of the C2 estimator, suppose that one can write 1y (y, 5y) and ¥ (y, By) as a series,

1/} y?BO Zaly ) 1/}1 y?BO Zbly (56)

>0 >0

Under the optimality constraint (49), with

B y? — K2 OK2
w(yuﬂ) - 2/{4 %7
we obtain that
kY op oy
8¢0(%760) 6¢1(%760)

= 67%( Yo, Bo) + T%(Yo,ﬁo)
=— Z (i + Dairabjy™7 + Z (j + Daibjry™
$,7>0 0,70

= Zy Z (4 + Daiy1b; + (5 + 1)aibji1]. (57)

n>0 i+j=n

It follows that for ¢y and 1; to be first order optimal, one needs

D [+ Daigaby + (j+ Daibjpa] = 0 (58)
i+j=n

for all n # 0.(The restriction for n = 1 is irrelevant, since inference is unaltered by multiplying 1 by

a constant).

6. Conclusions and Extensions

One can extend the theory to cover more general continuous-time Markov processes, such as jump-
diffusions. In that case, the standard infinitesimal generator of the process applied to a smooth f

takes the form

‘],30 f:Aﬁo 'f+/{f(y1+zay075’576) 7f(y17y0a5a57€)}y(dz’y0)

where Ag , defined in (12), is the contribution coming from the diffusive part of the stochastic

differential equation and v (dz, o) is the Lévy jump measure specifying the number of jumps of size
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in (z,z + dz) per unit of time (see e.g., Protter (1992).) In that case, our generalized infinitesimal
generator becomes
of  0fop

oo J= Bodsy -+ 50+ 555

that is, the same expression as (14) except that Ag, is replaced by Jg . Of course, the asymptotic
variance expressions we derived above, hence the efficiency comparisons, are dependent upon the

nature of the generator of the process.

Another extension concerns the generation of the sampling intervals. For example, if the A;’s
are random and i.i.d., then E [A] has the usual meaning, but even if this is not the case, by E[A]
we mean the limit (in probability, or just the limit if the A;’s are non-random) of Y ' | A;/n as
n tends to infinity. This permits the inclusion of the random non-i.i.d. and the nonrandom (but
possibly irregularly spaced) cases for the A;’s. At the cost of further complications, the theory can
be extended to allow for dependence in the sampling intervals, whereby A, is drawn conditionally

on (Yn—la An—l)-
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Appendix

This appendix contains the technical assumptions under which our general results in Ait-Sahalia
and Mykland (2004) hold (hence those of this paper), a summary of the asymptotic distribution

expansion for general moment conditions, as well as the proofs of Theorems 1 and 3.

A. Technical Assumptions

We make the following primitive assumptions on (u,0):

Assumption 1. For all values of the parameters (0,7) :

1. Differentiability: The functions p(xz;0) and o(x;y) are infinitely differentiable in x.

2. Non-degeneracy of the Diffusion: If S = (—o0,+00), there exists a constant ¢ such that
o(z;y) > ¢ >0 for all x and . If S = (0,+00), lim, o+ 0?(x;y) = 0 is possible but
then there exist constants &y > 0, w > 0, p > 0 such that o2 (z;7y) > wa for all 0 < z < &,
and . Whether or not lim,_g+ 0%(z;7) = 0, o is non-degenerate in the interior of S, that is:

for each & > 0, there exists a constant c¢ such that o (z;y) > c¢ > 0 for all x € [£,+00) and

Y-

3. Boundary Behavior: p, o and their derivatives have at most polynomial growth in x near the

boundaries, lim,_,, S (x; ) = —o0 and lim,_,z S (z; B) = 400,
liminf fi(xz;8) >0 and limsup f(x;8) <O0. (A1)
and
lim  sup A (z;8) < +oc. (A.2)

T—T 0T T—T

4. Identification: pu(x;0) = p(x;0) for m—almost all x in S implies 0 = 0 and o%(x;~) = 02(x;7)

for m—almost oll x in S implies v = 7.

The assumptions made ensure that the stochastic differential equation (2) admits a weak solution

which is unique in probability law, has a regular transition density, exponentially decaying p—mixing
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coefficients and is stationary with stationary density

) = JEm (y;B) dy

provided that the initial value of the process, Xg, has density .

We assume the following regarding the data generating process for the sampling intervals:

Assumption 2. The sampling intervals A, = T, — Tn—1 are independent and identically distributed.
Each A, is drawn from a common distribution which is independent of Y,_1 and of the parameter

B. Also, E[A}] < +oc.

Finally, we assume the following regularity condition regarding the vector of moment functions

h selected to conduct inference:

Assumption 3. h(y1,%0,6,3,€) € D’ for some J > 3, and is of the form

H(y17y07 5757€>

h’(ylvy()adaﬁae) :B(ylay0a5767€)+ 5 )

(A.4)

where h € D’ and H € D', When the function H is not identically zero, we add the requirements

that

OH ’ a()a a() 3
H(yﬂayoaoaﬁO’O) = (yl gom BO ) = H(yﬂvyﬂaovﬁﬂvo) =0. (A5)

B. Summary of Results for Generic Moment Functions A

In the following, we summarize the general expansions for the matrices Dg, Sz and T = Sz — Sg0

from Ait-Sahalia and Mykland (2004). These expansions take the form

Ds = DY +eDY) +e2DY + 0(e)
Sso = S5+ eSty+ e85+ O(e)

T = TV 4T+ er) + T8 + 0()
from which an expansion for the AVAR matrix of the form

Q5 = Q) + Q) + 207 +0 (). (B.6)
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B.1. The Dg and Sgo Matrices

Lemma 1 in Aft-Sahalia and Mykland (2004) states that for a vector of moment functions h =
(hi,...,h,) where h = h+ A~'H as described in (A.4)-(A.5) and h € D3, H € D*, we have:

In the case where H is identically zero,
. . 62 .
Dy = By, |h] + eBayy [(Tg, - )] + S Eay, [T, - )] + O(€) (B.7)
and, with the notation h x h'(y1, 0,0, 5,€) = h(y1, ¥o,90, 3, €) h(y1, Yo, 9, 5, €)', we have

Sg,o = EYO [(h X h/)] + GEA,YO [(Pﬁo . (h X h/))] + ;EA,YO [(I%o . (h X h/)ﬂ + 0(53), (B.S)

In the case where H is not zero, (B.7) and (B.8) should be evaluated at h rather than h, yielding
Dg and Sg,o respectively. Then Dg = Dg + Dg and Sgo = Sg,o + Sgo where

DY = Bay, |07 (Tg, - )] + 5 Eam [A51(T3, - H)] +O(é), (B.9)
Sko = Baxy |85 (Tg, - (A x H)| + 5 Bayy [A7 (T3, - (h x H')|
+ Bayy [A5" (T, - (H x )| + 5 Bay |85 (0%, - (H x )] (B.10)
+% AYo {A(ﬁ(rgo - (H x H’))} + %EM/O [A(;?(Fgo - (H x H’))] + O(é?).

B.2. The Ts Matrix

The simplest case arises when the moment function is a martingale,
Eny; [h(Y1, Y0, A, By, €)[Yo] = 0. (B.11)

When (B.11) is satisfied, Sz ; = 0 for all j # 0, and so T3 = 0. Denote by h; the ith element of the

vector of moment functions h, and define ¢; and «a; by

EA,Yl [hi(}/layvavBa E)D/U] = eaiqi(%aﬁﬂae) (B12)

YVO? BO? 0)

= Eaiqi(yba /307 0) + Gai+1 8QZ( De + O(Eai+2)

where «; is an integer greater than or equal to zero for each moment function h;. «; is an index of

the order at which the moment component h; deviates from a martingale (note that in a vector h not
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all components h; need to have the same index «;). A martingale moment function corresponds to
the limiting case where a; = +00, ¢;(Y0, By, €) is identically zero, and Sz = S 9. When the moment
functions are not martingales, we show in that the difference Ty = Sz — Sg is a matrix whose

element (7, j) has a leading term of order O (emin(ai’aﬂ')) in € that depends on ¢; and g;.

Note that Ea v, v, [hi(Y1,Y0, 4, B,€)] = 0 by definition of 3, hence by the law of iterated expec-
tations we have that

Ey; [ai(Yo, By, €)] = 0. (B.13)

and in particular Ey, [¢;(Y0, 5y,0)] = 0. Equation (B.12) is obtained as a consequence of

Eay; [hi(%1,Y0, A B, ) Yo] = Ea [By, [hi(¥a, Yo, A, B, €)[Yo, A]]
— ijﬂ% {EAO KF%O . iz,)] + (JTlnEAO [Aal (Pjﬁjl . Hz)} } +0 (€J+1)

= €*q;(Yo, By, 0) + O(eith),
(B.14)

if we let a; denote an index j at which the sum in the right-hand-side of (B.14) is non-zero. «; is
an index of the order at which the moment component h; deviates from a martingale (note that in

a vector h not all components h; need to have the same index «;).

For instance, we have a; = 0 with

qi(%uﬂﬂ? 0) = BZ(%; %7076070) + EAO [Aal (Fﬁo : HZ) (%7 %7076070)‘%] (B15)

if the right-hand-side of (B.15) is non-zero, or a; = 1 with

0:(Y0, 80,0) = Eag [T, - hal(Yo, Y0, 0, 60, 0)|Yo| + 4B [A5" (T3, - Hy) (Y, ¥o,0,8,0)] Yo
(B.16)
if the right-hand-side of (B.16) is non-zero, or «; = 2 and

0:(Y0,80,0) = 3 g [T3, - hi(Yo, Yo,0, 80, 0)1Y0| + 3 Ea, A5 (T, - Hi) (Yo, Y0,0, 80, 0)[ o]
(B.17)

is that term is non-zero, and so on.

A martingale moment function corresponds to the limiting case where a; = 400, ¢;(Yo, By, €) is
identically zero, and Sz = Sgo. When the moment functions are not martingales, the difference
Ts = Sp — Sp,0 is a matrix whose element (i, j) has a leading term of order O (emin(ai’aﬂ')) in € that

depends on ¢; and ¢;. While the index «; and the function ¢; play a crucial role in determining the
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order in € of the matrix T}, the function 7; will play an important role in the determination of its

coefficients. We define r; as

Ti(yﬂv BO? 6) == /0 Ut - Aﬁo : Qi(y07 BO? 6)E'[TN(t)—&—l]dt' (Blg)

where Us - f(v0,0, 8,€) = By, [f(Y1, Y0, A, B, €)|Yo = yo, A = 4] is the conditional expectations oper-

ator.
We then showed that

1 E[A3

qi(%vﬁﬂvo) +Op(6)v (Blg)

where the function 7;(y, 5y, €) is the solution of the differential equation

g[aﬁ(y,ﬁ’om) 1 2 %‘(%5075)

(B.20)

dy Oy s(:Bo)  o2(y;70)s(y; Bo)
with the side condition that Fy; 7 (Yo, 8o, €)] = 0.
As e — 07 we have ri(ya 607()) = 7\41‘(:%607 0) and
0 .0ri(y,B,0) 1 2 qi(y, By, 0)
il = — B.21
5y[ dy S(y;ﬁo)] a2(y;70)s(y; Bo) (B:21)
With
or; O 1 E[Af]
86 (ya 607 O) - 86 (y7 607 O) + 2 E[Ao] ql(ya 607 O) (B22)
and
akri(yba BOa 0) _ 8/67“,1(}/0’ 607 0)
G = 9yt (B.23)
for k = 1,2, we have
ori(Yy, By, 0
Y Bpd) = 1V, B, 0) + (¥ — o) ) (B.21)
1 2827“1‘(%76070) aTi(%,B0,0)
+2(Y1 = 0) 12 +e e + op(€).

The form (B.21) is convenient to compute the derivatives oFr; / Oy* in applications, such as the
one in this paper. If 02 = v constant, dividing (B.21) by 03 yields an equivalent form in terms of

the stationary density 7 :

8 8ri 5 5
Gy 0By ) = 1B O ). (5.25)
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Lemma 3 of Ait-Sahalia and Mykland (2004) showed that:

If H is zero, the (7,7) term of the time series matrix Tg = Sg — S is [Tﬁ](ij) , given by:

aj;+1

1 ,7 o €
<6aj "By [(hi x 5)] 4 €9 Bag xo [T, - (hi X 1))] + —5— By, [Fg (hi % Tj)]

[Tﬁ](i,j) -5 [Ao]

o o eitl
+ 7 By [(hy x 10)] + € By, [(Tg, - (hy X 1)) + 5 Baoyo | (T3, - (hy x m)})

+ O(emin(ei0g)+2), (B.26)

If H is non-zero, then (B.26) should be evaluated at h rather than h, yielding TBE. And T =
Tg + T4 where

Qj

1 %EAO,YO {Agl (F%o - (H; x rj))]

H
756 = Biay
e vy (A5 (T, - Hy) % i) + 5 Eaoy | A5 (T3, - (H ”))D

<6aj_1EA7yO [Aal(l“go . Hl) X T’j] +
+ O(emin(aias)+1y, (B.27)

C. Proof of Theorem 1

To calculate Tj3, we start with a lemma:

Lemma 1. For any function ¢(Yo, By) suitably differentiable in y, such that the expected values below

exist, we have

1 901 0
By, [pgc1] = —5Ew |0 [ 8?; 82)] (C.28)
|: ¢8Tc1 _EYO |:O' %¢:| (029)
[ ¢3 7“01] _ *EYO [a 62_1/} } (0.30)

where all the functions are evaluated at € =0 and B = B,.
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Proof. From the form of gc1 given in (20), we have

By, [pqc1] = By, [¢ % (Bg, - ¥)]
B oY o2 0%
= (v, + T )9
B o2 0 (O o? 0%
= = |- 55 (5°) T
_ g [,20000
T Tgh Oy Oy

which proves (C.28).

Next, recall (B.25) and, from (A.3), the fact that m(y; 89) = ¢/ (s(y,70)0?(y,70)) where ¢ is the

integration constant needed to ensure that [ 7(y;8y)dy = 1. Using integration by parts, we have

rc1 rCc1
2,0 _ 0 2
Ey, [0 10) » ] = / By o“prdy

oy s
- 9 Oreil [ [
= oyl s </ ¢dzo> W

- 0/20(]26:91 </y ¢>dz0> dy (C.31)
= 2/q01 </y¢d20> mdy

where in the second-to-last equality, the integration constant in [ Yo ¢dzg is irrelevant because

Ey; [gc1(Yo, Bo,0)] = 0. The last equality follows from (C.28).

Using again (B.21), that is

Q[&“Cl}] _ 29
Oy Oy s o2s
we have
Proil  Orc1ds 1 291 Orcal2p 2qc
oy2 s Oy Oys: o2s Oy so? o2s
since
os _ o
oy o2
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hence
Prei - Ira12p 2gcn

o2 Oy o2 o2
With again m = ¢/ (s0?), it follows that

8 TCI

Ey, |o [ & = —2Ey, [a — 2By, [0%¢qcn] (C.32)
= 2Ey, [0 } 87/}8( d))]
dy

] o523

by applying (C.28) and (C.29).

But recall now that

1 0p
By, [ou] —5Ev [02@}
so that
Pro) _ o, [a2 (a2 o 200" 0000
B[] = - [y (50) [+ e (75 )
do? 5 0?1 28@[} 0¢
- e _“ <8_a_y¢+ 2%t 7 By Fyﬂ
[ 0¢ do? )\ o
499 200" '\ OY
+FEy, -<J By +o 3y ) &g]
82
and the lemma is proved. O
Returning to T, we have from (B.26):
2
Tg = 5 [Ao] (6_1Ey0 [(hcq X 7“01)] + EA07Y0 [(F50 . (hcq X 7“01))]) + O(E)
= 17+ T 4 0(e) (C.33)
To compute Té_l), we therefore need to calculate
EY() [(h01 X rCl)] = EYO [h01(}/b7}/07076070) X TCl(%uBan)]

Ey, [(Bg, - (Yo, B0)) x rc1(Yo, B, 0)]

8w(}/ﬂa ﬁ()) 87“01(}/07 607 0)
oy oy

1
- _§EY0 0—2(%770)
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because of (C.28).

Next, we apply (C.29) to get

8@[1 87“01
2_
EYO [O’ 8y 8y

and thus

_ 2
7Y = By, [(her x ren)]

E Ao
2
g (22552 )

- s (3) (-

2
= P | 200 (2GR ] . (3

E[Ao]

Regarding the next order term in 7T}, we have

0 2 2
75" = Fiag Fooro (T, - (hor x re1))] = ez Boars [hew x (g, -rew)]

since by (18) and the independence of h¢y on y1, we have I'g - ho1 = 0 and Ohe1/0y1 = 0 so that

90rc1 Ohct
0 Oy1 O

Lg, - (hc1 xrc1) = (I'g, - heo1) X re1 +her x (Fg, - me1) + Ao

= hc1 x (I'g, - re).

Using the definition of the operator I's , we have I's - rc1 = Ao (A50 -r(;l) + Orc1/0e (since
0/0e = 0 as the estimator is unbiased), with

orcn
Oe

87“01
Oe

1 E[A}
2 E[Ag]

(:%BO?O) - (yaﬁﬂvo) + qC’l(:%BO?O)

from (B.22). But qo1(y, By, €) = qc1(y, By, 0) identically, i.e., go1 does not depend on € and therefore
7c1 does not depend on e either. Hence (07c1/0¢) (y, By, 0) = 0.

Therefore
2
Enoyo [hor x (T, -re1)] = Eagyveo [(Bﬁo 1p) X <A0A50 “re1 + %giﬂ QC1>] (C.35)
1 E[A?
= E[Ad By, [(Bs, - ¥)(Ag, - ro1)] + 5%% [(Bg, - ¥)ac1]
= K = Ko

32



Consider first the term K> in (C.35). Applying (C.28), we have

o2 o(B
Ky = Ey,[(Bs, ¢)ac1)] = Ey, [ 9 Zf(gioyw]

B [ 020y O e a2 0%
= _78_y8_y< Moy T2 oy )]
I B T Ty T
- | 2 Oy (9y Oy oy 20y Oy2 2 oy
(02 0 (02 0y 0%y a? oy (Opdy  100%0%) o2 0%
= B |Toy \ Ty o) Ty \gay T30y o T 2 O
2 0y \Oydy 20y 9y? 2 Oy3
_ o? (902 O 0% 0% O 0%
= Z"aiéaay'*4 (<m1> oy o
0w (dudw 1020 _atoudd
2 Oy \Oy 0y 2 Oy 0y 4 Oy oy

B 0% o2 op [ O\?
—E%4<@)‘7@(@” (€3

Regarding the term K7 in (C.35), we apply similarly (C.28) to obtain

o2 9 O(A
K1 = Ey, [(Bs, ¥)(Ag, -rc1)] = By, [7275(55—ym)

[ 020y O orc1 02 0%r¢
S i 9
" <“ oy 2 o )]
[ 020y [ 0%rcn  Oudrci  100%0%rc1 0% Prea
= P75, \Wa Tay ey T2ay o T2 o
L Yy Yy gy Yy oy Yy
-02 0 26¢ 627“01 02 81/1 6u6r01 1@02 82’!“01 2837“01
= Bn |55 (T3, a7 *?a—a—aWa—az*?a
L y 0y? Y Yy oy Y Yy Y3
(02 002 O B%rcn 821/1 Pror O Pro
= v T 50 30 92 92 Oy 0u3
| 4 Oy Oy Oy oy?  0Oy? dy Oy
70_28_111 %87’01 L1 1 802 ?ren B 0_48_1/J Pren
2 Oy \ Oy Oy 2 0y Oy? 4 oy 0Oy3
_ B [0_4 0% rc1 o Ou oY 8r01]

4 Oy2 oy2 2 Oy Oy Oy

Next, we apply (C.29) to get

Ey, o2 8# 310 orct
(9y Gy oy

Then we apply (C.30) to obtain
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Therefore

K1 = By, [(Bg, 9)(4p, - rc1)]
By |: 462w Prcr o Op oY 67“01}

4 0y2 oy? 2 Oy Oy Oy
1 o 1 1 0% %Y
- gh [0 (0_?/) 5y] 7P [ y? Oy? ] (C37)

Replacing (C.36) and (C.37) into (C.35), we therefore have:

10 = i {Bau [her x (g, )]}
BIA3)

E[Ao]?

_ oY\ op ot O 0%

a (3) ay| [239289}
st _¢ o* O (99’
4 \ 0y? 28y<8y>

([AQ—ZEAO) 432_11;2 2 (09 Op
4E[Ao)? { [0 (3y2> 7 <3y) o |- (C:38)

We then put everything together: (C.34) and (C.38) give the expansion of T in (C.33); (21)-(22)

= 2K+

for Dg and Sg0; and from there follows the expansion for 23 given in (24).

D. Proof of Theorem 2

The moment function hco depends on (y1,yo,3), but not on (8,€). Also, as above, 3(8y,€) = B,
identically. As in the hci case, the only difference between estimating 6 and estimating o appears

in Dg. Recall that goo is defined by

EA7Y1 [hCQ(}/]JKLAHBaE)D/O] = QC2(YE)75075)

92(Yo, By, 0
= QQ(%76070>+6M

2
e + O(e%)

and note that, even though hco does not depend on €, go2(yo, B, €) does depend on e (unlike g ):

the dependence of heg on y; implies that goo(yo, g, €) does not reduce to go2(yo, By, 0). The specific
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expressions for gca(yo, By, 0) and dgce2(Yo, By, 0)/0e are

QCQ(yOaﬁOaO) = hC’Q(yanmOvBOvO)
= {Aﬁo : 7/’1(1/0,50)} X o0, Bo) — {Bﬁo : 7/’0(1/0,50)} X Y1 (Yo, By) (D-39)

and

3QC2(907 BO? 0)

e = E[Ao] (A, - he2) (Y0, 90,0, 8o, 0)
= Blao {43, - v1(u0, 80) } x viovo. Bo)
— {Bs, - ¥o(v0,Bo) } *x {As, - ¥1(y0.B0)}) - (D.40)

Next, we have Dg = Dg)) + Dg)e + O(€?) and Sgp = Sg?()) + O(€) with

O Déo) = By, [%% (%1/}0 wl%)} when estimating 6 (D.41)
’ Dg ) = E [ 3‘77 (8 vy Yy — 1/1162—!;;)] when estimating o2 .
2 2 o
Dé ) = 3 E[Ag]Ey, [az%g (%T’él%@l - %188—111@1)] when estimating 6
1 _ 1) _1 902 (P O Ipg 039
Dy = § DY =1BlA|BY, |29 (Gt - o) (D.42)

B)
2,2 2 . .
4 g20%2 (%% — %laa—;@,l)} when estimating o2

~—

Sho = Bvo |({As, ¥ (Yo, B0)} x (Yo, Bo) — {Bs, - vio(¥o, Bo)} x ¥1(¥0,8))°|  (D.43)

As for T3, we have from (B.26):

Ty = ﬁ (€7 By, [(hoz X 102)] + Bag o [(Ts, - (hoa X 7¢2))]) + O(e)
_ 6,ITB(_l)JrTB(O)JrO(E) (D.44)
The first term is
Y = g [za‘o]‘Eyo [hoa (Yo, Yo, 0, B9, 0) X roa (Yo, Bo, 0))]

= ﬁEYO [gc2(Yo, By, 0) % 7c2(Yo, By, 0)]
1 Oy Oy \ Orce
= EagR |7 { <w1 % 6y> dy }
_ 1 0y Oy
= BRg |7 (1/’1 "y ) ] o
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with the second equality following from (D.39), the third from (D.50) and the last from (D.51).

Regarding the next order term in 7T}, we have

0 2
Tﬁ( ) = mEAmYO [Pﬁo . (hcg X 7“02)]

Since hce does not depend on €, and in view of (B.19),

(0) 2 N E[Af]
T = ——F Iz - E
B E[Ag] 200 [T, + (hez x Te2)] + EAo) No.Yo [Po24]
E[AF] o)
= 2By, [Ag, - (hca X Fo2)] + ——25.8
YO[ BO ( C2 C2)j| E[A0]2 ,370
since, by iterated conditional expectations,
EA07Y0 [hC?q] = EAO,YO [h%?]
0
= Sé7%

Thus S5 " = 7", while

= s+

B
v Var[A
- 9 (EYO [Ag, - (hea % 7en)] +Sg3())> N ar [Ao] ¢(0)

E[Ag)? 70

(D.46)

(D.47)

(D.48)

(D.49)

We then put together the expansions of Dg, Sg ¢ and T to obtain the expansion for Qg given in

(36). The terms of order €” are given in the statement of the Theorem, while the terms of order €

are:

Bl (D (8§ +18") -2V 1(Y)

Qél) - ( Déo)g 3
o BBl (DY (S8 + 1) — 201 )
ng = (Dc(g)) 3

when estimating 6 or o2 respectively.

We have used the following.
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Lemma 2. For any function ¢(y1,yo,5y) suitably differentiable in yo, such that the expected values

below exist, we have

By, [#9c2] = %EYO [02 (%1/}1 Yo 8%) (&i + g—;;)] (D.50)
I I L (D.51)
By, |o [ ¢8 re2| Ey, [04 <38_7/;0w1 ¢031/J1) 4 ‘ (D.52)

where all the functions are evaluated at y; = yo, € =0 and 5 = f.

Proof. From the form of goo given in (D.39), we have

By, [¢ace] = By, [¢x ({Ap, - ¥1(y0. Bo) } X ¥o(yo, Bo) — {Bs, - ¥o(yo, Bo) } * ¥1 (%0, Bo))]
- ol (GG 5 )
oS 2o BB
[ (- R [ )
2 )R] 2 2]

N EM N T

_ lEYO {3@&1%3@&0%} ?ﬂ

with the fourth equality following from

o (Yo, 20) df (%) |

D.
: T (D.53)

By, (1Yo, 00) (Yo)] = — By, [

Then we have

% _ dd) (yan()vBO) _ % %

_ + =,
dyo dyo dy1 o

Next, as in the development (C.31) in Lemma 1, we have

/87“02 2(/]) dy

(/" )]

or
2 C2
Ey, [0 qﬁ—ay

= 2Fy,
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from which it follows that
87“02 81/1 81/}
2 _ 2 0., 1
by applying (D.50).

Next, the same development as (C.32) in Lemma 1 now gives

[ 14,9 7“02} — 2y, |o [ 2¢M8TCQ] — 2By, [0%¢qcs]

and we apply (D.50) and (D.51) to obtain:

[ ¢6T”]:_2EYO[ (a%wl woawl)w}—ﬂ/[ <‘9¢°w1 wo%‘”yl)

But from (D.53) it follows that

omy, [02 <%w1 %a‘”l)w] — By, [ﬁ%( (W‘)wl %Wl)cb)]
) Yo

0 (9
B EYO[ (1/’01/)1 1/?}11 dyo ]

By, [04%7, (<% - 8‘”1))}
g (-3

2 2
_ By [a%( 8;”2%1 e 8;’;)]

which completes the proof of the lemma.

and therefore

|: (/1)8 TCc2
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