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ABSTRACT: We consider the number K, of clusters at a distance level d,, € (0,1) of n
independent random variables uniformly distributed in [0, 1], or the number K, of connected
components in the random interval graph generated by these variables and d,,, and, depending
upon how fast d, — 0 as n — oo, determine the asymptotic distribution of K, , with rates of
convergence, and of related random variables that describe the cluster sizes.
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asymptotic distributions, rates of convergence.

1. INTRODUCTION

Let U, Us,, ... be independent random variables, each uniformly distributed in the unit
interval [0,1]. For each n € N, let U ,, < --- < Uy, be the order statistics pertaining
to the sample Uq, ..., U, . The elements of the sample are almost surely different, so that
Uin < -+ < Uy, almost surely. Given a deterministic threshold d,, € (0,1), the se-
quence Uy, ..., U, breaks up into nonempty disjoint clusters C' ,,...,Ck, » at level d,,,
where the random integer K, € {1,...,n} is the number of clusters, and we refer to the
cardinality Ni ,, = |Ck, |, the number of elements in C} ,, , as the size or order of the clus-
ter Cj p,, for which Zsznl Nk n = n. Described in terms of spacings, this means that the
set {Ur,...,Upn} ={Uiny...,Upn} = ]I::”l Cl.n, where the distance between any two
neighboring elements of Ck , = {UN, 4+ Nu_1.n 41>+ > UNy 4+ Ny poym | 1S DOE greater
than d,, k =1,...,K,, where Ny, =0, and, if K,, > 1 then Un, 4+ 4N, 41,0 —
UNy ot A No_1n > dny k=2,..., K, for the big spacings separating the clusters.

Now let G, = G(Uj,...,U,;d,) be the random interval graph generated by the
random variables Uy, ...,U, and the distance level d,,: the vertex set of G, is the set
{1,...,n}, representing Uj,...,U,, such that there is an edge between the different
vertices i and j, where 4,5 € {1,...,n}, if and only if |U; — U;| < d,,, for which
P{|U; — U;| < d,} = 2d,, — d? . In this language a cluster is a connected component Cy ,,
of G, and the order N}, of this cluster is the number of vertices in Cj, 5, so that Cy
either consists of an isolated vertex or any two vertices of it are connected by a path of
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edges, £k =1,..., K,, and if the number of connected components K, > 1 then there
are no edges between any two clusters. (We use standard terminology as in [4].) Clearly,
Gn =G(Uy,...,Up;d,) is isomorphic to the random graph G(Ui n,...,Unn;dy).

More general random interval graphs, not necessarily based on the Uniform [0, 1] dis-
tribution, were considered to model clustering in [6] and [7], along with higher-dimensional
analogues. Godehardt and Harris [7] obtained asymptotic Poisson distributions for the
number of complete and maximal complete subgraphs of a fixed order and for the number
of vertices of a fixed degree under specific conditions on the speed of d,, — 0, assum-
ing only the existence of an underlying density. However, refined results concerning
asymptotic distributions for the number and size of the clusters are difficult to obtain
without specifying the underlying distribution. Therefore, in the present paper we follow
Godehardt and Jaworski [8], who continued the work in [7], in restricting ourselves to the
uniform model above, which clearly is one of the most useful and natural one-dimensional
models to understand some basic features. For further motivation and exposition of the
area the we refer the reader to [3], [6]—[9], [11] and their references. Including extensions
to higher dimensions, numerous related problems are investigated in the monographs by
Hall [10], Aldous [1], Barbour, Holst and Janson [2], and Penrose [16], in the four-part
survey by Hiisler [15] and in their vast number of references.

Godehardt and Jaworski [8] obtained numerous beautiful exact formulae in this
Uniform(0,1) model, for example the one in their Theorem 1 stating that

min(n—1, 1/dy,])

P{K,=k}= >  (-1)F! (n ~ 1) (k g 1) (1= jdn)"

j=k—1 J
for k=1,2,...,min(n — 1, [1/d,]) + 1, where |z| = max{l € Z: | < z} is the integer
part of z € R, and using these formulae and related other techniques they also derived
several interesting asymptotic results. Aiming at all possible asymptotic distributions of
K, , described in the next section, this exact formula appears to be overly complicated: we
use a technique based mainly on empirical distribution functions to obtain these results.

Section 3 contains the results concerning the asymptotic behavior of cluster sizes.

All convergence relations are meant throughout as n — oo unless otherwise specified.
It is assumed that d,, — 0. The results obtained in the paper may be transformed for
the case when the underlying distribution is uniform on an arbitrary interval.

2. ASYMPTOTIC DISTRIBUTION OF THE NUMBER OF CLUSTERS

2.1. Results and discussion

Godehardt and Jaworski [8] show that when d,, is so small that n?d,, — 0, then n—K,, —

0 almost surely: there will only be clusters of size 1, or isolated vertices in G, . It also
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follows from their results that if n?d,, — A for some positive and finite constant A, then
n— K, = K,(2) + op(1), where K,(2) is the number of clusters of order 2, or the
number of isolated edges in G, , and K, (2) LP,\, where —2 denotes convergence of

distribution and P, stands for a Poisson random variable with mean \.

The next meaningful case for K, is when nd, — 0, but n?d, — oo. In this
case it is further assumed in [8] that (nd,)'~2n%d, = n'd, ! — X € (0,00) for some
[ > 3, and shown for the number K, (I) of clusters of order [ that K, (I) 2, P and that
K, (m) — 0 almost surely for any m > [. Next, when nd,, — ¢ € (0,00) and J,, denotes
the size of the cluster containing a given element of the sample Uq,...,U,, it is shown
in [8] that J, + 1 is asymptotically negative binomial of order 2 and parameter e~ ¢,
and that clusters of the size greater than logn disappear. Third, when nd,, — co but
e™ /n — 0, Godehardt and Jaworski [8] show that the limiting distribution of .J,, /e™d»
is Gamma with order 2 and parameter 1. Within this third case, they also prove that if

nd,, = log+/nt, with t, —t € (0,00), then K,(m) LPUt for each fixed m € N.

The overall number K, of clusters is not treated in [8] in the range of d,, of the
previous paragraph. Letting N (i, 0?) denote a normal random variable with mean p € R
and standard deviation o > 0, we prove that K, is asymptotically normal in the whole
range, but it turns out that this occurs in three different ways. Denoting by ®(-) the
distribution function of A(0, 1), we also derive rates of convergence in all three cases.

Theorem 2.1. (i) If nd,, — 0 and n?d,, — oo, then
K. — —ndn,
P n e <zp—®(x)
V/nemdn (1 — e—ndn)
1 log(nv/d,, )
=0 dp, +enll + — )
\/[n +6]ogndn W
where e, = v/(4logn)/n, and so (K, —ne~ ") /(n\/d, ) 2, N(0,1).

(ii) If 0 < liminf,,_,o, nd,, < limsup,, . nd, < oo, then

Kn _ —ndy
P e <zjp—®(z)
\/n e~ 2ndnlendn — 1 — n2d2]

and hence if nd,, — ¢ € (0,00), then (K, —ne "4)\/n 2, N(0,e7%¢[e —1—c?]).

(iii) If nd,, = log(nr,) — oo, where r,, = "% /n — 0, then

l 3/2 " 1 1
M + \/5n log(nr,) log - + /1y, log o

nrn n n

A, :=sup
z€eR

10g3/4n
nl/a

sup =0

T€ER

A, =0

where A,, is as in case (i) and ¢, = /(4logn)/n again, and so
K,  — ne "dn K,— 2

n e
Vn e ndn 1/ry

2, N(0,1).



It is interesting that the asymptotic variance is the same in cases (i) and (iii) while
it assumes a different form in the middle case (ii). A referee noted that the mere asymp-
totic normality statements here could perhaps be obtained by the Poisson techniques for
circular spacings in Section 7.2 of Barbour et al. [2], or directly derived from the central
limit theorems there, which go back to Holst and Hiisler [14]. Even rates of convergence
could be derived from their circular results, substantiating first Remark 7.2.1 in [2], at
least for the extreme cases in (i) and (iii). Alternatively, our empirical-process method
could be used to obtain convergence rates in the central limit results in Section 7.2 of [2].

A typical sequence {d,} for case (i) is d,, = 1/n® for some «a € (1,2), in which
case the resulting rate is O(n_(o‘_l)/Q\/m +n~ 2=/ 2]og n) , which is fastest, namely
O(n_1/4logn), if @ = 3/2. Similarly, a typical sequence {r,} for case (iii) is r, =
1/n® for some a € (0,1), when d, = (1 — a)(logn)/n, in which case the resulting
rate in (iii) is O(n_(l_o‘)/z) log3/2n +n /4 log5/4n + n=o/? logn), and this is fastest,
O(n_1/4 log3/2n) , if a=1/2. With our method O(n‘1/4) , modulo logarithmic factors,
is a natural limitation for the speed of convergence to normality; we believe it is in general.

The next order of magnitude for d,, is when r,, tends to a constant r € (0,00). In
this case Theorem 12 of [8] states that K,, —1 2.p /r, and this again could be obtained
by the spacing techniques in [2]. Theorem 2.2 below strengthens this conclusion. We
write dpy(X,Y) = sup{|P{X € B}—-P{Y € B}|: BC {0,1,2...}} for the total variation
distance between the distributions of nonnegative integer-valued random variables X and
Y ([2], pp. 1, 254), so that drv(X,Y) = 3 >12 [P{X =k} —P{Y = k}|. Then we have

Theorem 2.2. If nd,, = log(nr,) — oo, where r,, = e"¥ /n — r € (0,00), then

AV = max [PU, 1< 5}~ P{Pyy, <} O(logwn)
= X n—1< o L < _
" j€{0,1,2,...} J rn =] Jn
and y
log”’“n
A(Q) = d Kn _ 1 — s
n TV( 77D1/7"n) O \/ﬁ log logn ,

where the constants in the order bounds depend on r only, and dpr(K, — 1, Pl/r) — 0.

Finally, when r,, = €™ /n — oo, a result of Godehardt and Jaworski [8] rounds off
the study, stating that P{K,, = 1} = P{G,, is connected} — 1.

2.2. Proofs

Letting Y7, Y5, ... denote a sequence of independent, identically exponentially distributed
random variables with mean 1, so that P{Y; > z} = e™* for all z > 0, with their partial
sums S, = Y1 +---+Y,,, m € N, the well-known distributional equality

D Sl Sn
(Ul,n,n-,Un,n) = (Sn+1,...,sn+1), nEN,
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then implies that G,, is isomorphic to the random graph G(S1/Sn+1,---,5:/Sn+1;dn),
or to G(S1,...,5,;d,Snt1). Hence there is an edge between the vertices ¢ and j
of G, if and only if §; — 5; = Z{Il 1 Y < dnSp+1. But connectedness properties
may be described by means of paths of edges of connecting vertices representing neigh-
boring order statistics expressed by S1/Sn+1,-..,59./Sn+1, and hence by the spacings
Yo/Sn41, .-y Yn/Snt1. Indeed, for every m =1,...,n, n € N, it follows that

n—1
]P{Kn = m} = ]P){ Z[{SH'I — SZ > dnSn+1} =m — 1}

=1

n—1

= P{ ZI{Yz’—H > dpSpq1} =m— 1},
i=1

where I{A} = I, is the indicator of the event A, or, what is the same, K, 21 +

2?2_11 I{Yiy1 > dSns1}, n € N. If we now introduce F,(z) = %2?21 Hy; <z},

x € R, the empirical distribution function of Yi,...,Y,, then by the exchangeability of
the sequence Y7, Y5, ... the last distributional equality implies

K, Z2n—(n-1)F,1(dSns1), n=2,3,..., (2.1)
and it also follows that
n—1
P{K, <k} :IP’{ ZI{Yi > dpSpi1} <k — 1}, k=1,...,n. (2.2)
=1

Now let G,,(t) = + Z?Zl I{U; <t}, 0 <t <1, be the uniform empirical distribu-

T on

tion function. We state a special case of Lemma 2.3 of Stute [19] as

Lemma 2.1. There exists a constant x, > 0 such that for all 0 < § < 1/8 and 32 <
s < zVon we have

IP{ sup v/ |G (£) — 1] >S\/5} <de .

0<t<s

Proof of Theorem 2.1. Setting F(x) = 1 — e ® for x > 0 and using (2.1), for every
n = 2,3,... by elementary algebra we get

K, —ne " L n[e_d"S”“ — e_”d"] —(n—-1) [Fn_l (dnSn+1) — F(dnS,H_lﬂ

(2.3)
+ F(dnSn+1) .
Introducing
e, = YAogn o [5e gl s o L and g, =AY, (2.4)
NLD n+1




Lemma 3.1 of Devroye [5] immediately implies that

2 2
gn =P{A,} <2e (HDen/4 < - (2.5)

for all n > 67 for which ¢, <1/2. Also, with the complement AS , for every n =2,3,...,

H{ASH [Fr-1(dnSps1) = F(dnSny1)] = [Fao1(nd,) — F(nd,)]|

< sup |[Fu-1(t) = F(t)] = [Fa-1(ndy) — F(nd,)]|
(n+1)dn (1—epn)<t<nd, (26)
+ sup |[Fa-1(t) = F(t)] = [Fa-1(ndy) — F(ndy)]|.
nd, <t<(n+1)dy, (14+en)

Since the distributional equality {F,_1(t): t € R}g{l — Gp_1(e™): t € R} for all

finite-dimensional distributions holds, we have

sup |[Faoi(t) = F(t)] = [Fa-1(ndn) — F(nd,)]|
ndn(1—e,)<t<nd,

D Gl o]~ [Gua () - ]
(n4+1)dp (1—ep)<t<nd,

and since {G,_1(u) — Gp_1(v) :v < u < v+5}2{Gn_1(u—v) v <u < v+d} for
0<v<wv+d<1, we obtain

sup }[Fn_l(t) — F(t)] = [Fa-1(nd,) — F(nd,)] } =A,, (2.7a)
(n4+1)dp (1—ep)<t<nd,
where
AT = sup |Gn_i1(s)—s| with &, =e (MFDdn(l=en) _ g=ndn
0<s<9,,
Similarly,
sup [Fo_1(t) = F(t)] = [Fu1(nd,) — F(nd,)]| 2 AF,  (2.7b)
nd, <t<(n+1)d, (14+€,)
where
Af = sup |Gn_1(s)—s| with 65 =e ™ — = (nHDdn(l4en)

0<s<8,}
Now the three cases (i), (iii) and (ii) are considered separately, in this order.

Case (i). Weset 02 = ne~"dn (1—6_”d”) , so that the asymptotic equality o2 ~ n2d,
holds (meaning that the ratios of the two sides go to 1), and

1 1
n - dn]‘ 2N n - 4 TLl T /1 7\
“ 8\/n ©8 min(1, nd,,) Un =6 \/6 ©8 min(1, nd,)
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where ¢,, is from the statement of the theorem and (2.4), and

1 Uy O
n — ]- 1 71 non —’I’Ldn ~
Wn = VRE [*(nﬂ)dn Og< e )}

n
1
~ 84/log —
Ogndn’

so that w, — oco. Using (2.3), we decompose the random variable in question:

K, — —ndp K, — —ndy
s == — M+ R, (2.8)
V/nendn (1 — e=ndn) On
where the main term is M} = —(n — 1)[F,,—1(nd,) — F(nd,)]/o,, while the remainder

term is R = Ry + RY + RY) with

log (1 + gndn In7n )
n

1
Vndy

R = nlem®Pn — e , 0<R® = 7F(dn5n+1) < L and
On On On
RO = _(n_1) [Frei(dnSns1) = F(dnSnt1)] = [Faoi1(ndy) — F(nd,)]
n O‘n .

Introducing Z;,, = [I{Y; < nd,} — F(nd,)] /e (1 — e "dn), we have
n—1
g
p) 2=1 %5 SN AECEN G T
vn—1 n—1 n—1

o{of55) oo

DS E(|1Z
< 1n;1]_1 (12;, |332 +& (2.9)
[ E(1Z5al?)] "
D E(Zuf) | D
V=T [g(2,))
D, 1 Dy - Dy - D,

< +
- \/n — ]_ \/e—ndn(l — e_ndn) n On n-/ dn

by the Berry — Esseen theorem and elementary considerations, where Dq, Ds, ... denote

sup [P{M,; <y} — ®(y)| <sup
yeR yER

+ sup
yeR

absolute constants. Also by the Berry — Esseen theorem, as applied to S;, 41,

s (B R e

=0 e—wi/?’) + O(%) =0 (ndn)m) + O(%).

Since ]P’{R%l) < —un} is of the same order, we have

P{‘R;”’ >u, =0 (ndn)21> + O(%). (2.10)



Next, for n > 67 we get by (2.4)—(2.7) that
P{]Rﬁ?’ S, <2 +]P’{)R,(f)’ > o, AC

ZhPiVvn—14, > 2Pl Vn—TAF > 0
crr{vimians SR ber{vamiar> 52

Here, noticing that both (5;{’ ~ndpe, and 0, ~ nd,e,, we set

| /\

st = UnIn_, _Unlt dn ~ 32 logL
" noE  2vnvndye, nd.,

Fix any z, > 0. For bounding each of the last two probabilities we separate the two
possibilities sﬂf <z V not or 8 > 2./ néx .

If sff <z ndn , then an application of Lemma 2.1 ensures that

IP’{\/n — 1A > ””U”} < de (57716 < 4(nd,, )03

2vn

for all n large enough within the first possibility.
If, on the other hand, s > x,v/ ndit , then we need to enlarge v, a bit, putting

/ 1 log(n+/d,, ) log(n+/d,, ) vio, vn—1
* o= — " otV I ) d n = n
v, = 64C enlogndn+5 . Cuvp+5 N and x 5

with a constant C' = max{(3e/2x,),1}. Then we have

B

CUnOn _ Cv, o ,
22, — 3
and for all n large enough within the second possibility,

P{\/n— 1AL > g?} < P{\/n— 1 max{é,jf,Gnq((%)} > vnan}
n

(n—1)log (1 + (e — 1)5?5) <endt <

= P{(n— 1)Cur(5) > 2.}

:P{exp{i[{Uj gag}} Zem”}

= (2.11)
<e ™E exp { ZI{Uj < 5:}})
j=1
=exp{ —an+ (n—1)log (1 + (e— 1)65)}
<exp{—210g n/d }
(ndy )?
Thus, combining the two possibilities,
2 2
(2)’ o 2 63 , %
P{)Rn >l < 8nd)® 4 (2.12)



and so, handling the trivial error term RS’) in an obvious fashion and collecting the
bounds together from (2.10) and (2.12), for t,, = u,, + v} + -~ we obtain

py, =P{|R;| > t,} =0 (ndn)21> + O(%) + O(n;dn)' (2.13)

Using now the obvious inequality, resulting from (2.8),

K, — ne "dn

\/ne—”dn (1 — e mdn

the inequality in (2.9) and the fact that

P{M;gx—tn}—p;‘;gﬂ"{ )Sw}SP{Mﬁka‘i‘tn}‘f‘P;,

t
ilelﬁ }(I)(x:i: t) — (P(m)} < Ner

we obtain A,, = O(uy, +v;) + O(1/0,) + p}, and the statement in (i) follows.

for any ¢ >0, (2.14)

Case (iii). Using the decomposition in (2.8), the structure of the proof remains

exactly the same as in case (i) if, keeping all other notation, we redefine

1 3/2 . 1 1
Uy = 8 M . Up = 64\/5n log(nr,)log— and v =Cy\/r, log —,
r Tn

nry n
where ¢, is as before and C' = 4+-28(32)%(e/x.). Now, of course, 02 ~ Vne "dn = 1/r, .
While formally the same with the new w,, , the asymptotic behavior of w,, now is

1 Un O 1 Uy O
1 nvmn —ndn, ~ 1 nd, “n¥n
wy, =vVn+1 1+(n )nog( - +e )} T og(l—l—e — )

log (1 + un+/rn) log 1+ Vn ) 8 log%(nry)

Jnd, Vnd, T nd,  Jn

so that w, — oo again.

~ 8+y/log(nry,),

Now, changing only the very last step, the argument in (2.9) yields

D
sup |P{M; <y} — ®(y)| < => < Da\/rr.
yeR On

Also, with the modified u,,, the argument leading to (2.10) remains the same, now giving

- ~of()) of5)

Next, notice that 85 ~ e " nd,e, = e, log(nr,)/(nry,), and so

P 32\/en log(nrn)log% _32\/@
" 2v/ney N en log(nrn) T

nry




If s, < x.:\/6in, then by Lemma 2.1 again,

]P’{\/n —1AE ST U”} < 4o ()/16 < 408

2y/n

for all n large enough, while if s,, > z,\/6; n, then

2(32)2 1 28e(32)2 Copn/rn. 1 ot
e(32) log - < 8e(32) 0\/r_10g_<avn

+ +
(n - 1) log (1 + (6’ — 1)571 ) < endn < 22 T Cx? 7 Tn 7

and hence, with z,, = vlo,+/(n —1)/n/2 expressed in terms of the present v}, by a

simplified version of the argument in (2.11) for all n large enough we obtain
]P’{\/n— 1AL > U”ﬂ} <exp{—a,+(n—1)log(1+(e—1)57)}

2/n
* 4’I’L ’I’L1 n
Sexp{_%}gexp{ o rrg ogr }Srn‘

Thus the argument leading to (2.12) this time produces P{’Rff)’ > v, 05} < 24
87093 4+ 2r,,, and hence the analogue of (2.13) is

. . 1\ 1 .1
p”:P{’R”‘>tn}_O((n—rn) +%+rn), where tn—un—l—vn—i—vn—i——n.

So, substituting the present ingredients w,, v,, v} and 1/o, ~ ,/r, into the final
equation A,, = O(uy,) + O(vy,) + O(v)) + O(1/0,,) + pi , case (iii) also follows.

Case (ii). The basic difference between the present “middle case” and the previous
two “boundary cases” is that here R%l) is no longer a remainder term but, with a proper
norming factor, it also contributes to the asymptotic distribution. This factor is presently
redefined as the square root of 02 = ne=2mdn [e"dn —1—n2d2] ~ e 2¢[e—1—c?|n. Thus
we need to modify the decomposition (2.8) for the present random variable of interest:

K, — ne "dn K, — ne "dn

= =M+ R, 2.15
\/ne 2ndnfendn — 1 — n2d2] On (2.15)

where, introducing the independent and identically distributed random variables

v ndn,e " (1 -Y;) — {I{Y; <nd,} — F(nd,)}
Gn =

’ \/e—Qndn [endn — 1= nQd%]

where E(Vj,,) = 0 and it can also be checked that E(V?,) = 1, the main term now is

o 1€ (04 Ddy = duSui] — (4 1) [Fasa (ndn) = F(ndy)] Y Vi
n - on - \/ﬁ )
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while the remainder term is R;, = }_%7(11) + ES) + }_%7(13), where, from (2.3),

R(l) B ne_”d” [endn—dnsn+1 —1— {ndn _ dnSn+1}] B Wél)
" On N On ’
— _ _ (2)
f_%ff) — (1) [F—1(nd,) — F(nd,)] [J;H_l(dnsnﬂ) F(dpSn+1)] — (1) m(/: |

the latter formally agreeing with R? of cases (i) and (iii), but with a redefined o,,, and

j=n

2@ _ FldnSni1) = ndpe ™ + 5750 [I{Y; < ndn} = F(ndy)

Un
Going at it term by term, an obvious analogue of the argument in (2.9) now gives

1
sup [PLMEE < 9}~ 20 =0 ). (2.16)
yeR } ’ \/H
Also, writing ¢, = nd,, and 72 = e~2% [ecn -1 ci] , so that o, = 7,4/n and by
assumption both sequences {c,} and {7, } are bounded away both from zero and infinity,

setting the sequence wu,, for the present case as

16c2e=¢ logn <logn)
Uy = =0 ,
Tn Vn Vn

and using the notation in (2.4) and the inequality in (2.5), we obtain

r{jm

for all n large enough, because if n is beyond some threshold, then on the event AS we
have ‘W,Sl)‘ < ne “r(nd, — d,Sni1)* < ne " (2c,e,)? < 16c2e " logn.

2
> Up < P{‘Wél)’ > 16c2e " logn, AS +P{A,} = -

Next, keeping d. and 4, from (2.7) but redefining again s, and v, by setting
sn = 32y/logn and v, = 2s, max(\/dn , V614 ) Tn, by (2.4)-(2.7) and Lemma 2.1,

P{‘Rf) > vn} _ IP{ (n —71)\}/12/752)} . 25, max(\fg, \/E) }

< ]P’{\/n— 1 ‘Wf)’ > 2s, max Vo, , \/&f) , A%} +P{A,}

2
g]P{\/n—lA;zsn\/(Sg —|—IP’{\/n—1A;stn 5 +—

_csn 2 8 2 3
<Be T 4 — = — 4 — < —
n

n% n " n

for all n large enough since in the present case d= ~ c,e “"¢,, and so the inequality
32 < s, < z,/ndr is satisfied for all n large enough, regardless of the value of the
constant z, in Lemma 2.1. Note also that v, = O([10g3/4 n} n1/4) .

11



Since the error term ES) is again trivial, namely ’ES)} < D/y/n for some constant
D > 0, for the remainder term we altogether have
1 D log/4n
py, =P{|R;| > t,} = O(ﬁ)’ where t, = u, + v, + NG =0 %
Putting this together with the inequality
K, —ne "dn N o
{ N T P p—cy ey < x} <P{M;; <z +tn}+p;,

itself coming from (2.15), the bound in (2.16) for the main term and the inequality in

P{MS <x—t,}—po <P

(2.14), we see that the statement for the maximal deviation in case (ii) also follows. ™
The proof of Theorem 2.2 requires the following

Lemma 2.2. If 0 < A < p, then
AN . 1
drv(Px, Pu) < e M (u—X) <min|1, 7 (b —A).

Proof. Setting
k k
— mij AN G p—A
/i—mm{kEN. e e } 1= Log,u—log)\J € [LAJ,LMJ],

we obtain, with empty sums understood as zero, as before,

K| \k k K k k
2 k! k! 2 k! k!
k=0 k=0
A ek 1S K gkt t
e i =N
2 2 = (k—1)!
A _ 1 1 tH 1 M e
— € € _ e_t J— e_t dt = — — e_tdt,
2 2 A K/! 2 A /i'
valid also in the case when x = 0, and
0 k k 0 k k
1 S LA\ S B 3 B AT
2 k! k! 2 k! k!
k=r+1 k=r+1
1 0 /L|: tk:—l . tk t:| 1 oK
= - e — —e "|dt == — e ldt,
2 k:;—i—l A (k — ].)' k' 2 A ff'
whence
dr(PaPy) = et < (u— A Dot < ()
Tv(Px, Pu) = N <(n=A) max e < (p—A) e
Al
A . ( 1 )
< (u—A e M < (p—=XNmin(1, —
<(n—2A) B < (p—=2A) Y
by elementary calculation. [ ]

12



Proof of Theorem 2.2. Using the notation in (2.4), manipulation based on (2.2) gives

P{ni[{yi >dp(n+1)(1+e,)} < k—l} — g, <P{K, <k}

=1

g]P’{niI{Yi>dn(n+1)(1—€n)}§k—1}+qn

=1

for all n > 2 and k € N. Hence, with B2 denoting a Binomial(n, p) random variable,
- +
AP <2 maX{dTv BZZlapl/rn>,dTv 3211,731/rn> + an

where pf = exp{—d, (n+1)(1£e,)}. Using the condition on {d,}, it is easy to see that
pE =01 and |(n— 1)pE —r; | = O(en logn).

By a theorem of Prokhorov [18], as adjusted in [2], p. 2, there exists an absolute
constant C' > 0 such that drv(BE,P,,) < Cp, 0 <p < 1. Applying this with p = pr,
using Lemma 2.2, (2.5) and the bounds stated above, for all n > 67 we have

A < 2dpy Bﬁ”—vp(n—l)pE) +2 dTV(P(n—l)p; P/,

+
+2 dTV ben—l’ 73(n—l)pi) +2 dTV(P(n—l)pI ’ 7Dl/’"n) + 4n

1 1| 2 log®/?n
<2Cp. +2Cpf +2|(n—1pf — —|+2|(n=1)p, ——|+==0
<20p, +2Cp, +2|(n = Upy = =14 2{(n = 1)pp, = =)+ - (\/ﬁ :

proving the first statement of the theorem.

For the proof of the second one, first note that by the de Moivre — Stirling formula

[ ) _k [ ] o0
“1/rn Tn k—klog(rk —klog((rn)/(2e
]P){Pl/rn > [gn]}ze 1/ Z o <0, Z e g(rk/2) <C, Z e g((rén)/(2e))
kzl—‘en—l k:WH kzl_‘en—l

for some constant C, > 0 and for all n large enough, where ¢,, = (logn)/(loglogn) and
[x] =min{l € Z: | > x} is the “upper integer part” of z € R. But the last sum is

> /2 \F 2¢ \["1 1 2¢ \'
S(E) () e
4 rl, rl, - rl,

log(2 loglog 1 2
—gexpd (1 og(2e/r) logloglogn logn b <
loglogn loglogn nl—¢

for any fixed ¢ € (0,1), for all n large enough, and hence by the first statement,

P{K,—1>[0,]} =P{Py),. > [C,]} + O(log\j/;") - O(log}:").

13



Therefore,
Mn‘|_1

AD <P{K, —1> [0]} +P{Prjp, > [ta]}+ Y [P{Kn— 1=k} —P{Py,, =k}
k=0

(a1 =1
<P{K, = 1> [0} +P{Pryr, > [0a]} + Y [P{Kn—1 <k} —P{Py),, <k}
k=0
[En1_1
+ Y P{K,-1<k-1} —P{Py,, <k—1}
k=0

_0 10g3/2n n logn 0 log3/2n e log5/2n ,
Vn loglogn NLD Vv/n loglogn

proving the second statement. The third one follows from the second by Lemma 2.2. ®

3. ON THE ASYMPTOTIC DISTRIBUTION OF CLUSTER SIZES

3.1. Results and discussion

It is easy to see by the discussion leading to (2.1) that, given K,, = k, the vector of cluster
sizes (N1 ..., Ngn), satisfying Zle N; = n, follows the Bose — Einstein distribution:

I{ Z?:l m; = ”}
)

for any sequence myq, ..., my,... of positive integers and k£ € {1,...,n}, n € N. So, in

P{van:ml,...,Nk’n:mk|Kn:k’}: (31)

comparison with J,, mentioned at the beginning of Section 2, perhaps a more natural
way to measure cluster size is to look at the number L,, of elements in a randomly chosen
cluster: we choose at random one of the K, clusters, each with the random probability
1/K, , and let L, = Npg,_ ., be the number of its elements — or the number of vertices in
the connected component of G,, chosen at random —, where P{R,, = j | K,, =k} = 1/k,
j=1,...,k for every k € {1,...,n}. The first results for L, are designed to be the

companions of those for K, in the three cases of Theorem 2.1.

Theorem 3.1. (i) If nd,, — 0 and n*d,, — oo, then P{L,, =1} — 1.
(i) If nd,, — c € (0,00), then P{L,, = m} — e ¢(1—e=¢)™"! for each fixed m € N.

(iii) If nd,, = log(nr,) — oo, where r,, = e"¥ /n — 0, then

]P{ Ln gx}:P{ﬁgx}el—e_”” for every x> 0.

e ndn nry,

The limiting geometric distribution with success probability e~ in case (ii) will be
obtained from the complete convergence in (3.3) below and the interesting equation

P{Ln:m}:E(%;n)), me{l,...,n}, neN. (3.2)

14



Consider also M,, = max(Ny,,..., Nk, ») and M,, = min(Ny,,..., Nk, »), the
largest and the smallest cluster sizes. Since P{M, = 1} > P{L,, = 1} for every n € N,
under the conditions of Theorem 3.1(i) we of course have P{M = 1} — 1, and some
partial results for M, may be derived from those in [8] reviewed at the beginning of
Section 2 in subcases of case (i) in Theorems 2.1 and 3.1. The problem of the asymptotic
behavior of both M, and M, is open in both cases (ii) and (iii) of Theorems 2.1 and
3.1. However, we can determine the asymptotic distribution of all three of L, , M, and
M,, under the condition yielding the asymptotic Poisson behavior of K,, in Theorem 2.2.

Theorem 3.2. If nd, = log(nr,) — oo, where r, = "% /n — r € (0,00), then
P{L, > |nz|} — e %/", P{M, < nz} — H,(z) and P{M, <nz} — H, (z) for every
€ (0,1), where

— 1 2. volg_1(Dx(z)) 1 /=1~ volg_1(Dy(z))
Hy(z)=e k—%;m s H (z)=1—¢7 |1+ Z rasny 2 |
with an empty sum meant as zero, Dy(z) = {(z1,...,21) € [0,2]*: 2y + -+ 2, = 1},
D.(z) = {(x1,...,2%) € [2,1]*: 21 + -+ + 2 = 1}, and where voly_1(-) stands for
volume, the (k — 1)-dimensional Lebesgue measure for every k > 2.

The first statement implies that the limiting distribution function of L,,/n coincides
with the exponential distribution function 1 — e /T for 0 <z < 1,but at x =1 has a
jump up to 1: this saltus of the size e~ %" = lim, oo P{L,, = n} = lim, ., P{K, =1}
comes from Theorem 2.2. This implies E(L,)/n — e /741 folxe_‘r/rdx = fole_f”/rdx =
r(1 —e~1/7), and limiting formulae for higher-order moments can be obtained similarly.
Noting that voly_1(Dx(1)) = vk /(k — 1)! = voly_1(D;(0)) for every k > 2, the two
jumps H,(1) — H,.(1-) = H,(1) — H,(1-) = e~ /" are the same, from the same source
as for L, , and it is also interesting to notice that H, (z) =1—e~ /" for all 2 € [1/2,1).

Returning to the middle case (i) of Theorem 3.1, let M, = Nfll) > > NﬁK”)
be the decreasingly ordered cluster sizes Ny, ..., Nk, n. If nd, — ¢ € (0,00), then
Theorem 2 of Hill [13] directly implies that Nék)/logn =z, 1/log(1/[1 — e~ ¢]) for each
fixed £ € N, where T, denotes convergence in probability; note that the limit does
not depend on k. On the other hand, it follows by Theorem 2.1(ii) that K, /n e,
and hence by Hill’s [12] earlier theorem it follows for the proportion K, (m)/K,, of the
number of clusters having any fixed size m € N that K, (m)/K, i>e_c(1 — e )m-1,
Our last result strengthens both of these weak laws not only to almost sure conver-
gence, but to certain exponential inequalities, which imply even complete convergence:
S P{}n_lKn — e_c} > 5} < oo and, for each m € N,

ip{‘%:’) —e (1)

> 6} < oo forevery e > 0. (3.3)



Theorem 3.3. If nd,, — ¢ € (0,00), then there exist functions D;: (0,00) — (0, 00),
1 =1,2,3, such that

K,
i

5[ ey o]

2 1
el >et <demwe P1OC e <o i=min (¢, — ),
n 10
meH n

and

|

hold for all n large enough, where H C N is an arbitrary set.

> 5} < Do(c)yne 5O g<e<e,,

3.2. Proofs

Proof of Theorem 3.1. Throughout we understand (ZL) =0 if m < n. Concerning L, ,
we clearly have P{L, = j| K, =k} =P{Ng, n =Jj| K, =k} =P{N1,, =j| K, =k}
for all j,k € {1,...,n}. Since, given K,, = k, we have Ny, + ---+ N, = n, and

since among the (Z:i) vectors (ny,...,ng) of positive integer solutions to the equation
ny + - - -+ ng = n there are exactly (”;ﬂgl) vectors satisfying n; = 7, we see that
("s%5)
P{L,=j|K,=k}=——F", jke{l,...,n}, (3.4)
(k"1
and
n (n J 1) (n l)
P{L, > 1| K, =k} =) ~F=2= = r Lke{l,....n}, (3.5)

n—1 n—1\ ?
pari V) B VY
for every n € N. Now we turn to the separate cases.

Case (i). Theorem 2.1(i) implies that Kn/n& 1, and so, since 0 < K,,/n <1, by

the moment convergence theorem also that E(K,/n) — 1. Since

P{L, =1} = ;i n=k}= Z—P{K =k = 1{E(%>_H

by (3.4), this establishes the first case.

Case (ii). Consider any k,m € {1,...,n}, and let k,(1),...,k,(n) be any se-
quence of nonnegative integers such that k,(1) + --- 4+ k,(n) = k. Then it is easy to
see that P{L, =m|K, =k, K,(1) = k,(1),..., Kn(n) = ky(n)} = kn(m)/k and hence
also P{L,, = m|K,,K,(1),...,K,(n)} = K,(m)/K, . This implies E(K,(m)/K,) =
E(P{L, = m|K,,K,(1),...,K,(n)}) = E(E(I{L, = m}| K, K,(1),...,K,(n))) =
E(I{L, = m}) = P{L,, = m} for every m € {1,...,n}, the equation highlighted in
(3.2). Since for each fixed m € N the bounded sequence {K,(m)/K,} converges to
e (1 — e €)™~ ! almost surely by (3.3), the result in the second case also follows.
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Case (iii). Using (3.4) and that (”gﬂgl) = (Z:{) — (”;ﬂ;l) , for all > 0 we obtain

n n—(k-1) (n—j) _ (n—j—l)

P{Lyp > |z} => Y~ (n_l)k—l P{K, =k}
k=1j= nr,z] k—1
n (n—LnrnmJ) n—|nroz]+1 (n—\_m"nxj)
= (g;;) P{K,=k}= > 7(52:1) P{K, = k}
k=1 k—1 k=1 k—1
o ((n=Kp)(n—-K,—1)---(n— K, — [nr,z] + 2)
_E( n—1)(n—-2)-(n—|nrpz] +1) )
K, —1 K, —1 K, —1
—E [1_ n—l}[l_ n—Q}”'{l_n—LnrnxJ—l—J)'

Introducing the event B,, = {r* <K, < rot +7’,§2/3} , Theorem 2.1(iii) implies

that P{B,,} — 1. Hence by straightforward considerations,

P{L, > |nr,z]} =E Ip, 1:[ ll — K”j_ 1} + o(1)

j=n—|nroz|+1

=E Ip, exp{ nz_:l log (1— K”j_l)}> +0(1)

j=n—|nrpz]+1

=E Ip, exp{— Z_: [Knj_ L + Hj,n(Knjigl)] }) + o(1)

j=n—|nrypz|+1

_ E(IBn exp{— ([nrnz] — 1) [K” —1_y, W 1)2} }) +o(1),

&n s
where —2 < 0,,,9, <2 and n— |[nrpz] +1 < &,,n, < n—1. The random variable

within the last expectation is in (0, 1] and, since r,, — 0, it is easy to see that it goes to

e~ *. Using the bounded convergence theorem again, this proves the third case. [ ]

Proof of Theorem 3.2. Consider first L,,. The case x = 1, as already pointed out, follows
directly from Theorem 2.2, so we take x € (0,1). By (3.5) we have
n—|nz|+1 (n—Lna:J)
P{L, > |nz]} = > fen(2)P{K, =k} with frn(2)=-""1=1".
k=1

= (k1)
Clearly, fixn(z) — (1—2)k"' and P{K, =k} — r~(*=De=1/7 /(k —1)! by Theorem 2.2
for each fixed k € N. Also, elementary calculation shows that for every € > 0 there exists

a k. = k.(e,z) € N such that sup;~,_ fin(z) <e for all n sufficiently large. Therefore,
k

limsupP{L,, > [nz]} < Z lim fi ,(z) P{K, =k} + ¢ limsup Z P{K, =k}
k=1

n—oo n—oo k—F, 41

0 (1 _;U)k—l e—1/r
rk=1 (k—1)

< |—|—5:e_x/’"+e.

k=1
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Thus e~ 2/" = Y22, liminf, oo frn(z)P{K, = k} < liminf, .. P{L, > |nz|} <
limsup,, . P{L, > |nz]} < e */" by Fatou’s lemma, completing the proof for L,, .
Consider again any z € (0,1). By (3.1), P{M, <nz} =32, G, (x) P{K, =k},
where P{K,, =k} =0 for k£ >n and
7 (@) #{(nl,...,nk)ENk:nl,...,nkgnx, Zleni:n}
gk,n €T) =
#{(nla . '7nl€> € Nk: Zf:l n; = TL}
VOlk_l (Ek(:p)) VOlk_l (3k (x)) (k’ — 1)' _
- = = =: g, (2)

VOlk_l (Dk(l)) \/E

Using again Fatou’s lemma and that P{K, = k} — r~*" Ve /7 /(k - 1)!, k € N,

2 volx_1 (D _
hnrr_l)lgfIP’{M <nx}>th1nfgkn( )P{K, =k} :e_%;vo krkl_(l\/l%(x)) = H,(z).

As to the upper bound, since g ,,(v) <1, for each fixed [ = 2,3,... we see that

limsup P{M, <nz} <1+ thsup [Gi.n(x) — 1] P{K,, = k}

n—oo n—oo

e—l/r

:1+z[§k<m>—1} (k1)
k=2

and, as [ — oo, this converges to H,(x) = e_%ZZO:Q voly_1(Dr(z)) (r*Wk) =
e~ P 1] 41 voly_1(Dg(2))/(r*~'Vk). The proof for P{M, > z} is analogous,

the only difference is that g, n(x) =l=yg 1(m) for the corresponding functions. |

In preparation for the proof of the second statement of Theorem 3.3, consider for each
k € {1,...,n} independent random variables Vlk’n, cee ka’n with a common geometric
distribution with success probability k/n, so that IP’{Vik’n = m} = %(1 — %)m_l, m e N,
for all i =1,..., k. Then, for any sequence m1, ..., my of positive integers,

k k k,n
PV,>" =m
P{ﬂ{‘/;k’n:m Z‘/;]mn:n}:nl L { k,n Z} {Zmz_n}
i=1 i=1 P{ Zz Vi =

& E)l(Z)(’i(; )m> {Z }

I{ Zz 1M = n}
n—1
(i)
Comparing with (3.1), the corresponding conditional distributions agree, in short:

(Nis ooy N | K = B) 2 (V" VvE VP v =) (3.6)

The following lemma is an analogue of Lemma 2.2 for geometric distributions.
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Lemma 3.1. If V; and V5, are geometric random variables with respective success prob-
abilities p; and po, where 0 < p; < ps < 1, then

1
drv(Va,V2) < (1 + p_g) (p2 —p1)-

Proof. Similarly as in the proof of Lemma 2.2, we set kK = min{k € N: pigF > pgqé} -1,
where ¢g1 =1 —p1 > ¢o = 1 — pa, and hence (%)KH > Z—i’ and (g—;)K < Z—?. Thus,

1< k k 1 ¢ k k b2 — D1 1< “ k k
§Z}p1q1 —pquIZQZ[pzqg—plql} = R L RS Y
k=0

k=0 2 2 k=1 92
_ 1 q1 Ii-f—l _ Ii-i—l
S - 1= (et 1)tr]de =%
2 2 2
and
1IN k f_ 1l % k k
2 Z }Plfh —Pz(Jz} =9 Z [Plfh —PQQQ]
k=rk+1 k=k+1
Lo ke K gt — gt
= _ - 1 S S
5 D [kt (k + 1)t*]at 5 :

k=r+1 92

whence, using the inequalities above,

drv(Vi, Vo) = i — 5 = [T — o] + [af e — 5]

K k+1
<[ — ] +a! {(q—l) - 1} < [p2 —p1] + P []2 - 1} ;
q2 P2 b1

which implies the desired inequality. [ ]

Proof of Theorem 3.3. First we consider the statement for {K,}. Given ¢ € (0,c,],
where ¢, = min(c, 1/10), put

9 Sn—|—1
= — d D = —1 —p ¢
p 2 an n,p { n 1 > p}

Then by (2.1) and the half-sided version of (2.4),

Kn - _1 Fn— dn n —
]P’{— _e ¢ 25} S]}D{n (n—1) 1(dnSn+1) et >, Dnyp}—i—IP’{D;p}
n 9

n—1

S ]P){ n(l — 5) —ne ¢ B F((l B p)(n . 1)dn)
> Bt (1= p)(n+ 1)dy) — F((1— p)(n + 1)dn)} R
= ]P{F(un) — Fh1(uy) > Un} + P n/4

=B S [R5 < u) 105 < ] 2 00 - 1)vn} el

<.
Il
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where u,, = (1 —p)(n+ 1)d,, and

—C

1—¢)—nee 1y
vn = F((1=p)(n+1)d,) - o ng)_ 1ne 1 e—(=p)mtnyd, _ n€)_ 1’%

Ha—e_c[eE/Z—l] >e— [65/2—1} >

OTII\D

since ¢ >0 and 0 < e < ¢, <1/10. Thus by Hoeffding’s inequality ([17], pp. 191-192),

P{ﬁ et 6} < o 22/52(n-1)/4 | ,~(*n)/(168*) < o p1is5 o~ Di(e)e%n
- > < <
for all n large enough, where D;(c) = min (2/25,1/(16¢?)). Since the deviation in the
other direction only doubles the bound, the first statement of the theorem follows.

Turning to the second statement, let V' be a geometric random variable with success
probability e™¢ and set p,, = P{V =m} =e¢(1 —e )™ 1 m € N, and also py =
P{V € H} = % cyDm for the finite set H C N in the statement. Introduce also the
set

—cC

e
n _ r
H) {k;e {1,...,n}: ‘ e i +ecto) €

Then, writing p,, (k) = P{K,, = k} for short, using (3.6) and then the first statement,

<77}, where n =

Ky
Py (€) = P{ (m) _ e “(1- e_c)m_l} > 5}
Ky
meH
K
<P ;((m)—pH >e, |J {Kn=k}p +P{K, ¢ H}
meH " keH!

1
P2 el

meH

>e| K, = k}pn(/f) "’P{Kn ¢ H}Z}

- ZI{NM €H} —pu|>e|K, = k}pn(k) +P{K, ¢ H}
=1

I
(]
F”—«/—’H/—/'i\/—’H
>

keH,
k k
=) P kZI{V;’“’”eH}—pH > ¢ Z%k’”:n}pn(k)-i-P{Kn%Hﬁ}
keH, =
k,n
< Z P ‘ i= 1I{V if} pH‘ > 6} (k) +46T150 6—D1(C)772n
keH! P{ Zz Vi = }

for all n large enough since 0 < n < e < c¢,.

The first term of this bound is not greater than
y Pl S V" € HY —pl"| > e — ol — pul}

keH] (Z })( ) (1__)n_k

20
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where

m—1
s - emp - Y E(1-E) L ke,
meH

Notice that for any k£ € H)!,

L k m—1
])l;jn _pH’ < Z - (1 — —) — e_c(l — e_c)m_l < QdTv(‘/lk’n, V)

n n
meH
1 k. 1 €
<2 1+W ﬁ—e <2 1+€_c—’l7 ’l7<§
n7

by Lemma 3.1, where the last inequality holds by the choice of 7. Therefore, using this

time the two-sided version of Hoeffding’s inequality,

HOESY P{E S, V™" € H} —p"| > §}on(h) _ 3 2e=<k/8 (k)
" N n— k n—k < — . —
kEH]] Go) () (=%) vemn (D) (B) (11— %)

where for all k € H],

2 2(,—c
e~ ¢ k/8 <e ¢ (e

2 ¢ 1
—n)n/8 < —Dy4(c)e*n ith D 1
e wi a(c) = ~ 00

and, using the de Moivre — Stirling formula again,

—1\ (k)" E\" "k
(o)) (-0) =t e,
1)\ Ta) T )
Thus, collecting the bounds, for all n large enough we have
pi () < D5(C)\/56_D4(C)€2” + 4 et ¢~ Do(0)e™n
for some Ds(c) > 0 and Dg(c) = e 2Dy (c)/[16(1 + e~ ¢+ ¢))?], so the second statement
follows with Ds(c) = 2 max (D5 c ,46#50) and Ds3(c) = min (D4(c), DG(C)) . [ |
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