
The L-Space

Conjecture



2-manifolds
-

=
-⑦ ... ESpace Conjecture

g = 0 g= 1 g = 2 (Boyer-Gordon-Watson,Juhasz)

Closed orientable z-manifolds Relates three Yes/No properties
are distinguished by H, of closed oriented 3-manifolds

3-manifolds
-

· algebraic
Not distinguished
by Ha BUT : Largely distinguished

· geometric

byπ , · analytic

↑ "M
Hx(Mn) = Hx(S)



↳-Orderability : Subgroups

If HCG and G is LO
,

Def : A nontrivial group G is LO
ther It is 10 .

if J a total order on 6
=> If it : Y-Y is acovering map

St
.
ac = gagb forgtG.

and Y is 10
,
so isT ·

Ex: is LO Boyer-Rolfsen-Wiest):

Suppose Y is a prime 3-marifold
Ex : If 16 k*, G is not LO (NLO)

and G is 10
.
If y : it, (4)

-G
Proof : Gisnontrivial : choose

is nontrivial
,
then Y is 20

gt6 , ge .Wlog eg , so

egcg... (g(b)= e X Cor: If b, 14/0 , Y is 10·



Foliations :

Ret : A foliation-on Y is

a decomposition Y=F

oS
·

noun o &the line bundle TFat & &
is orientable it has

-



2man foldsa coorientable
If an orientable closed
surfaceMI admits a

&foliction
,
TM his a nowhere o =>

courientable foliation
,

section = X (M) = 0 everycpt of M is a torus.

3 -Manifolds:
-

Reas foliction on IRXD

↑

Mclosed = X(M3) = 0

·
~ foliate S'xD

>

Ihm : Every closed Orientable M3 S3 = OD" = OID"xD)
admits a coorientable foliation

.

= S'xDvDxS'



Fnot folictions :
Covers Suppose it: Y-

F is Eat if there is a closed is a covering map. If y admits

loop 8 transverse to every lecf Fa a CTF
,
sodoes

I Sullivan
#m: (Novikov) : it, (4) finite =>
no CTFor Yo

Fistut if there is a metric

9 on Y wet which leaves of
#: (Clegari-Dunfield)

Fare minimal surfaces Spose (f , (4)
= 0. If Y is

CTF
,
Y is 10·

Ex : Y fibres over S

Y : [gx[0 , ) /(0 ,
x)- (

, y(x))

4 : EgoE,



Fnot folictions :

The (Thurston) : If F is fast
--

F is Eat if there is a closed and FC is a compact let of F,
then Fo is genus- minimizing:

loop 8 transverse to every lecf Fa
-

g (F2) = g(5) wherever
I Sullivan & Y with [[] = [E2]

Fistut if there is a metric ai : If [cY is genus-
-

minimizing , then it is leaf
9 on Y wet which leaves of of a taut foliction

Fare minimal surfaces Er : If 3, (7) 30 it has a CTF

Ex : Y fibres over S

Y : [gx[0 , ) /10 ,
x)- (

, y(x))

4 : EgoE,



L-spaces

Heegaard Floerhomology (Ozsuith-Szcbo)

Closed
,
OrientedY IFF(7)= IFF (7

,
5)

If b
,
(7) = 0

,
X (FF(7

,
s)) = 1

Ihm: (Kronheimer-Mrowke ,
Def : AQHS"Y is an L-space Ozsuith-Szcbo)

if #F (4
,5) = If for alls, If Y his < CTF= Y is NLS

# HFred(y) = 0

EX: If Y = S
,
y has only reducible

SW solutions (Witten)

=> Y is an -space



Ideconjecture :

True for

i
,
finite It

,
infinite

L-space Conjecture :
CTF Now, lov Gabai

NLS Es Lo ECif

LO trivial BRW
for prime, closed orientable
3-manifolds NLS Witten KM0S

it : Y -Y finite cover
Y CTF

,
10 - Y CTF

,
LO

Thm (BGW): Congholds for branched
double covers of alternating knots

Im (Lidman-Manolescu)
Y NLS= Y NLS



counter-examples ? None so for

-

|t
,
(2))x -#- "

,
- S

Graph Mar, folds

Defield : examined 300, 000 hyperbolic DHS's

Determined: LS/NIS for all (47 % 25
,
53% /(5)

CTF/NCTF for all but 662

LOINLO for > 60%



Something is true.

What is it ?



PossibleExplanations :

1) Maybe Conj holds if Y has Heegard genus 2.

Ihm: (S .
Rasmussen

,
T
. (i) :

If Y has Heegaard genus 2 and is 20
then Y is CTF .

2)
#m: (F. Lin) If Y is CTF , HE(Y)

has a [[v] /r summand.

Does every NLS havea[u]/U summand?

Maybe Conj holds for such manifolds



Orderof It:

&field : examined 300,000 hyperbolic DHS's

Determined: LS/NIS for all (47 % 25
,
53% /(5)

BUT :
-

Conji (0zsvith-Szabol
(Heegaard Floes Poincare Conjl

The only prime-spaces with It, = 0
are S3 and the Poincare sphere

Thm (Eftekhary) : An L-space with H ,= 0
is hyperbolic



RelativeVersions) : - S . Rasmussen

&yer + Cky : OM =T &(0M)= IP (H
,
(OM)) 2 (M) = S - NLSS(1)

L0 (M) = [cef(0M)/ M2(2) is203 is one of 18 - X
2) a closed interveling

LOGM) = [CzS(0M) / M(2) is 203 Floer 3) [203eS
simple 4)9

Similarly for CTF, NLS
Interval in 2) is explicitly
determined

Im: LSC holds for graphmanifolds EX : (0z-Sz)2(Sir) : = [2g(k) -1,0]

Boyer-Clay , S . Rasmussen Dunfield cusped Census:

Hanselma-JR-S .Rasmussen-Watson
~ 60,000 1- cusped M
>50

,
000 Floer simple



Questions-

1) Which y :So are

monodromies of Floer simple M ?

2) Why do geometrically simple M
tend to be floer simple ?

3) Why is I(M) so big ?

L(M1) = fraction of &(OM) occupied by 2(M)



Refilling/Gluing :

Ta(Boyer-Clay) :
&yes + Clay : OM =Th

Spose M,,My wed incompressible

C= S(M) = (PH
, (M)) Y = (Y)

,UM2 ·

Then y = 2

Dehnfilling : M(2) = MUS'X D2 = ePM ,
) ne (Mn) + 0

24dD2
Ms(d) = MUN2 C = CTF

,
LO

d - X

CTF(M) = (a = S(ND))()(2) is <TF]
C = NLS (HRRW)

CTF" (M) = [a = S(()) (2) is <TF]



Thank You!


