The L-Spoace
Conjyecruse




2-mani folds

d
& L-Space Conjectore
<> S Contns
3:0 3:.\ 3:1

(Boyer-Gosdon-Watson, Joha sz)

Closed ovientalle 2-manifolds Relctes three Yes!/No propesties
ase dishnguished by H, of closed oniented 3-manifolds

3-moni folds

Not A)s\'\t\so\s\nei
S\’ H,

Va

H, (M) = H, ()

* algebraie

BuUT: Lm‘se\y Asshnsmskel * geometsic

by T sanalytic




Lefi-Osdesability: Subgroups

If HEG 0 Gis L0,

Thex §is LO.

=>TF 7 Y—Vis 6.coURs ing Mep
ad YislO sois Y.

Ex: Zis LO Thm (Boyes-Kolfsen- Liesh) .

Def: A nontrivicl groop Gis LO
1f 3 o toYal osdes < on G
st. a<s = qacgb fosVqe .

Soppo se Yis aprne Tmanbold

Ex: If l6leos, Gis not LO (NLO)
wmd Gis LO. TH ¢:T (H—G

Proof: Gisnontrivicl: choose .
S aoa¥Tina), Then Yis LO
66, g*e.Wlog ecq, SO

24343"4-" (3\6),__2 X Cor:. 1% \:,(.‘1\70, Nis LO.,




Folhichons :

Del: AGslichian 'on N is

O C\QLor\Poﬁx}mn N= 1 F;\

locdly modeled on %=1l R}
* iR

F is coorieayelle ¢
e hne bondle TES

is orioYelle & b heg

4 nowvhere 0 echHoa

\/

<




2 = A 6 £o|£§ M

<
TEM hes o coovratelle T 6 an oruyclle cosed
surfcce M gdens a

Fohc}\a:\, TMAReg & nowohkese 0 = Cooment cL)e. (._os"‘}‘.a“,
sechon =2 X(My=0 Ruasy cp¥ of M is adoros,

2 -Mani folds:
3 . Reed fohednn on R 2D
M closed = X (M )=0 ¢l
~— fohde SO
o= D = ADuD)
& Ly ob xg

Thm: Eve\\, closed omneatcble M3

admits a coomentelle folictian.




TeoY ‘CO)) eYions -

Fio Yaor 1§ Mereis a doged

loop B Fransvesse Yoevesy lect Ry

ﬂ SoVwan

Fis Yaor 1§ Phese s s medsic
g on N ws) whew leeves of

Fose M AN ) %OTS'CLQS

Covers: Soppose W: Y Y
1S & Covesing Map. ITE Yoadads
6 CTF, sodoes ¥

TR (Nomkov)'. '\T,(“)\ Sim¥re =
no OUTFon Y.

Ex: Y fitses coas ©
\E sxio 1y [ (6,0~0, )

&pi 25

Thm CCa\eguﬁ-%o:\%\e)&B
Spose H(NH=0.X ¢ Y is
CTF, Y (s LO.,




TAQ)’ ‘(:o))ér).o»s p

F is Yook 1§ Pereis a doged

loop B rransvesse Yoevesy leck Ry

n Solwean

Thm (Thosston): T Fis et
o.mlf:is o COr\PLC\' le f of F,
TWen Fs_ S ﬁQJ\QS‘ M\.mns%;.hs'.

9(F) £ g(€) Lheneses
T—=Y o I =1LK])

Fis Yaor 1§ Phase s & medsic
9 on N ws) whew \lecoes ot

FGJQ M AN 2L SoTs-cLQS

Ex: Y5itses ooas S
Y- isxb. 1Y [ (6,0~0, pH»)

Y- 23—925

Gelai: T§ TN ig  qenos-
MMANIYMIZ N , e 1} i8¢ )QLQ'
of a Yeor TLoheYion

Cor- THL, (N0 Nhus o CIF




L- spaces

HeesaasA F loer \no«o\os-’ (DzsuitW -S2cld)
Clo sed, osiended ¥ — A¥ (‘i\-‘:@ ):)\F(",Q
T65M=0, XHFG,H) =)

Than (Kvenhames- Mypwk
Def- AOHS® Y is an L-spece i o;;\,‘_s,\\,,: ;ﬂ:::; o

W& HF(, = IF foscl s, IF N hes e CTE = ¥ie NLS

* Herr*(H=o

Ex-145= % YV\c.sc»\ tedoudle
SW solohens (\J‘-\—’:u\\

=2 Y is an L-Spece



The conjectore :

Troe ‘cof
L- sSpate Coc\‘bo.do\'e.: y finide “, \AQ’\»‘\M.
NLS & LO&e OF e Nouikov Gabay
Cos prime, o sed osrarade LO trivie) BRW
-G Foldsg NLS  \Oibben cGE

T:-Y =Y finide cooes
N CTFRLO= ¥ CTF, LO

Thm (BGW). Conyholds Eor Lranchmed
doolle Covess ok c.))e.rm.\-inj knods

The (Lidman- Manolesco)
N NLS=2 Y NLS




. %
Counles-examples ! None <0 '('GS

b, th¢so 7| 520

Graph Mo fold s

Doun field:  exramined ~300,000 hypesiolic OH $* ‘s
Dedesmined: LS/NLS Loy (47% Ls, s3% NLS)
CTFINCTF  for o)) Lo¥ GG2

LO/NLO fos » oOh



Somc.’r\\ins 1S YioQ .

\IQ\'\L\’ 1S \\'?




Possitle Explanations:

D Maybe Cony holds if Yhas Heegaesd genos 2.
Thr: (S.Resavssen, T.LH):

T4 Yhes Heegassdgenos 2 andis LO

D Thm: (FLin) TFYisCTF, HF M
has a ZIV) /U sornmand.

Does every NLS heve o 219/U sommen o\?
Mm' Le Cons Wolds for soch mani folds



Osderof B,:

Doun field:  examined ~ 200,000 hy pesiolic OH 33 ‘s

Detesemned:  LS/NLS Loy al (47% LS, S37 NLS)
SuT:

Cony: (Ozsvdth-Szelkd)

The only prime L-spaces with K=o
ase S*and the Poincaré sphete

(Heegaas& Floes Poincese Cony )

Thm (E&’tek\\uxbz An L-space with W =0
i's hyperbolic




ReleYive Vessisn o€ LSC:

RoyersCley: am=7°  FM)= IP(4,(2m)
L O (M) = (e L00M) M () istof
LOUMY= e $(IM) | M(a) is 0§

Similasly fos CTF NLS

Them: LSC holdg bor 3\'«?\\ ~nankolds

R o~,o_r- on i S.Ras MLVSSEeN

Hanselmen -IR-S . Ragmosser - Vadsan

i S. Rc.sv-\osun

2(M) = &~ NLSH (M)

is oneof S
2) aeced wiesudad

Flour 3) NSS e
Simple N @

Tatesvdin 2) is explicily
detarevnaed

Ex:(02-S8) L) = 225081, 20]

Dounfield cosped censos:

~ 60,000 I-Cosped M
2 $0,000 Floar Simple




Qoueshons:

D Which @: T35 ase
monodsomies of Floes Simple M?

2) Why do gbe.om\-r'\cal\y Simple M
Yend Yo be Floes Simple?

D Vhy is LM so big?

6000 -

5000 A

4000 -

3000 4

2000 A

1000 A

FIGURE 3. Distribution of L(M), courtesy of Nathan Dunfield.
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