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1. Introduction
In this expository note, we sketch (with few technical details) a certain sequence of
developments in the metric aspect of riemannian geometry which have taken place
over roughly the past 50 years and in which various mathematicians including the
author have participated. These developments can be thought of as steming from
the attempt to understand the question: What does a complete riemannian manifold of bounded curvature look like? This has led to quantitative structure theories
in which the hypotheses are curvature bounds, and in some cases, assumptions on
rough quantities like volume and diameter. These structure theories are augmented
by notions of geometric convergence and associated compactness theorems which enable one to compactify certain collections of riemannian manifolds by adding metric
spaces which in general are singular.
Loosely speaking, our notion of “geometric structure” means that the geometry
resembles that of some simple model case. The simplest such model is Euclidean
space. The geometry of a ball strongly resemblances that of a ball in Euclidean
space if the ball is the domain of some coordinate chart in which the metric tensor,
gi,j , satisﬁes good bounds. For any riemannian manifold, such coordinate systems
exist at each point on balls of suﬃciently small radius, but it is not clear a priori
how to say anything about the size of that radius in terms of just a few geometric
parameters. For this particular kind of structure, some of the theories we discuss
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provide quantitative control over the both scale and the bounds on the gi,j . In other
cases, it is appropriate to consider diﬀerent model geometries and/or qualitatively
weaker quantitative notions of resemblance to the model.
At each point of a riemanniann manifold, the curvature measures the inﬁnitesimal deviation of the geometry from the Euclidean model. The sectional curvature,
KM n , is at each point, a real valued function on the Grassmannian of 2-planes in the
tangent space. The Ricci tensor, RicM n , is a symmetric bi-linear form on the tangent
space, which is derived from the sectional curvature by an averaging process. These
are the two notions of curvature we will consider; for some background, see Section
2.1
Essentially, structure must be present when the curvature bounds and additional hypotheses are mutually antagonistic and hence can only coexist under special
circumstances. Typically, this is reﬂected by a string of inequalities which must all
be equalities. Mutual antagonism is closely tied to behavior under scaling. If the riemannian metric, g, is multiplied by a constant, c2 , then the curvature get multiplied
by c−2 and the volume by cn . This scaling behavior, indicates that small curvature
and small volume tend to oppose one another. Not just the size, but also the sign
of the curvature plays a role. A riemannian manifold with curvature bounded below
by a not too small positive constant can’t be too large. This is illustrated by the
case of round spheres.
More generally, a manifold whose curvature is not too negative can be large,
but not uncontrollably so. Let RicM n ≥ −(n − 1)g. (The model case is hyperbolic
space, with curvature ≡ −1, for which the inequality is an equality.) Then for all
R,  > 0 a metric ball Br (p), with r ≤ R, will contain contain an -dense set, Ar, ,
with at most c(n, R, ) members.
While the structural content of the above assertion of uniform total boundedness
may seem weak, it lies at the heart of Gromov’s compactness theorem. Recall that
compactness can be formulated as “total boundedness together with completeness”.
Here is the idea behind the total boundedness aspect of Gromov’s theorem; for a
fuller discussion, see Section 6. Suppose we want to know all the possibilities for
what the ball, BR (p) might look like (for all possible choices of M n and p). Since
for some  > 0, our vision cannot distinguish between points whose distance is ≤ ,
it is enough to restrict attention to metrics on /3-dense sets, and to consider as
equivalent, metrics whose distance functions diﬀer by at most /3. Clearly, modulo
this equivalence, there are at most (c(n, R, ))2 · (3R/) possibilities.
By contrast, the soul theorem and splitting theorem, whose hypotheses are
more stringent, assert the existence of rigid structure. If M n is a complete manifold,
1

For the most part, we will consider spaces with either a 2-sided bound on sectional curvature or a
lower (or 2-sided) bound on Ricci curvature. There is also theory of spaces with a lower sectional
curvature bound, which lies somewhere in between the two theories we discuss. We will give some
indications and some relevant references. We do not discuss the theory of manifolds of positive
scalar curvature, which has a more global analytical/topological ﬂavor than the theories considered
here; see [94], [66], [60].
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with Ricci curvature bounded below by a positive multiple of the metric, RicM n ≥
n
(n − 1)Hg > 0, then the diameter
√ of M is at most that of a round sphere of
n
curvature H i.e. diam(M ) ≤ π/ H. (This is known as Myers theorem, [81].) In
particular, M n is compact. Examples such as 2-dimensional paraboloids illustrate
that this fails to hold if the sectional curvature is nonnegative KM n ≥ 0. However,
the cases in which failure occurs are severely constrained. The soul theorem asserts
the existence of a compact totally geodesic submanifold S (a soul) such that M n is
diﬀeomorphic to the normal bundle of S; [35].
We will be more concerned with the splitting theorem, which requires only
nonegative Ricci curvature, but assumes also that M n is noncompact in a suﬃciently
strong sense; [97], [34]. A line is a doubly inﬁnite geodesic, γ : (−∞, ∞) → M n ,
each ﬁnite segment of which is minimal. The splitting theorem asserts that if M n
has nonnegative Ricci curvature, RicM n ≥ 0, and contains a line, then it splits as
an isometric product, M n = R × N n−1 .
Next we discuss applications. By applications of a theory, we mean examples,
or classes of examples, for which the hypotheses are veriﬁed but for which the conclusions can not be veriﬁed (or at least not easily) without appealing to the theory.2
If, as in the splitting theorem, the only examples are nonexistent or “trivial”, initially it might appear that there can be no essential applications. However, it turns
out, that are some indirect ways of guaranteeing that the Ricci curvature is strictly
positive or at least nonnegative.
To take a classical case, if G is a compact Lie group, then by integration over
G, a riemannian metric can be constructed for which both left and right translations
are isometries. This existence of this metric is remarkable, but once constructed, it
is known explicitly.3 The Ricci curvature can be computed to be nonnegative. It
is strictly positive if, in addition, the group is semisimple. In this latter case, by
considering the universal covering space with the pullback metric it follows that the
fundamental group is ﬁnite.
It is not diﬃcult to see that if M n is any compact manifold with inﬁnite fundamental group then its universal covering space contains lines. By bringing in the
splitting theorem, one can can then conclude that in general, the universal covering
group of a compact Lie group is the direct product of a compact semisimple group
and some vector group Rk ; compare also [78].
It should come as no surprise that apparently negative statements can have
interesting applications in cases where the hypotheses are not assumed a priori.
2
In general, the collection of all examples for which the hypotheses are veriﬁed, can be viewed as
providing the canonical application of a theory. However, even if there are many such examples,
the amount of information required to point to some particular one might preclude its leading to
an application. This is mostly the case for the geometric structure theories considered here, whose
main applications concern special subclasses of riemannian manifolds with additional properties,
which can be used combination with those of the structure theories. In other subjects (e.g. algebraic
geometry) one can typically point to an example while not, in the process, revealing its structure.
3
Similar in spirit are more signiﬁcant applications involving manifolds with special holonomy, in
which the metric is not known explicitly.
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Actually, many of the applications of the structure theories are of this nature. For
example, in certain situations with special features, behavior which would obstruct
a construction can be ruled out on the grounds the only ways in which it can occur
in general, are incompatible with the known special features. For this, neither the
general theory nor the special features would in themselves have suﬃced.
It turns out that both the condition, RicM n ≥ 0, and the existence of lines
(which is a global assumption) can be dropped, and yet, a generalization of the
splitting theorem continues to play a key role. The key ideas here are scaling, localization and quantitative rigidity.
Assume that M n is complete with RicM n ≥ −(n − 1)g. Consider a minimal
geodesic segment, γ : [−1, 1] → M n . After rescaling the metric, g → r −2 g, where
r << 1, it appears to the naked eye that the hypotheses of the splitting theorem are
veriﬁed. This turns out to imply that the rescaled ball Br (γ(0)) (which has radius 1)
looks to the naked eye as if it were a ball in some isometric product R×N n−1 . (More
precisely, it is close to such a ball in the Gromov-Hausdorﬀ sense; see Sections 6, 8,
9.) Amazingly, the gain in ﬂexibility has taken us from situations which are highly
constrained and hence very rare, to ones which are generic on an appropriate scale.
Note that the point, γ(0), may also lie on other not too short minimizing segments
(not too close to their ends). If so, additional approximate splittings arise from these
as well.
Even the assumption of a global lower Ricci curvature bound can be removed, so
that only the assumption of completeness remains. This is done by another (rather
soft) rescaling argument. The buzz words are “local curvature bounds”. For p ∈ M n ,
deﬁne r(p) > 0 to be the largest r such that after rescaling, → r −2 g, the curvature on
Br (p) becomes bounded. Then r(q) is controlled from below in terms of r(p), if q is at
distance < r(p) from p. In certain applications, the remaining lack of absolute control
over the function r(p) turns out not to matter because the important conclusions are
topological in nature. In other applications, by inputting additional information into
a bootstrapping argument, the good local scale can eventually be better controlled.
Next we consider some applications where the metrics, again constructed by
some auxilliary mechanism, are not known as explicitly as in the case of compact
Lie groups.
A deeper classical case is that of complete noncompact locally symmetric spaces
with negaive curvature and ﬁnite volume. Although the pullback of such a metric
to the universal covering space is known explicitly, the structure of the base is less
clear. The ﬁrst instances of the theory of collapse with bounded curvature were done
in this special case and later extended to the general case; see Section 4. Therefore,
while signiﬁcant features of the structure of locally symmetric spaces follow from
the general theory, these conclusions (and more) can also be obtained without it. So
this case can be viewed as providing an application of the general theory, but not
one which in and of itself, justiﬁes its existence.
The situation is diﬀerent when one attempts to understand the properties of
metrics which are solutions of some geometric partial diﬀerential equation such as
the Einstein equation RicM n = λg. This is a nonlinear equation which is elliptic
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in suitable coordinates (harmonic coordinates); see (2.12). For n ≤ 3, the Einstein
equation implies that the sectional curvature is constant, but not for n ≥ 4.
Even in cases such as that of Kähler-Einstein metrics, in which there is a good
parameterization of the moduli space of all such metrics, the metrics themselves
are not known explicitly; [9], [101]. The structure theories can be applied to obtain
information on how bad these metrics can look. This is of particular interest when
one tries to understand the compactiﬁcation of the moduli spaces of these metrics
by means of Gromov’s compactness theorem. This amounts in large measure to
determining the regularity and singularity structure of the limiting objects. Structure
theory has also been used in the construction of Einstein metrics, in order to rule
out situations which, if they were they present, would cause the construction to fail.
It is worth keeping in mind the relation between the discussion of the previous
paragraph and the theory of elliptic partial diﬀerential equations in Rn . As is well
known, having good a priori control of solutions can provide a route to proving their
existence. The relevant estimates are obtained by combining special consequences
of the equation, with a more general theory such as that of Sobolev inequalities.
Sobolev inequalities (and Sobolev spaces) are still present in our riemannian context
and this suﬃces for certain applications. In others, the geometric structure theories,
as agumented by the compactness theorems, are required and play a somewhat
analogous role. The fundamental diﬀerence between the riemannian case and the
Euclidean one is the absence of a ﬁxed background metric with known properties.
This is the issue which the structure theories and compactness theorems address.
A celebrated instance in which these structure theories, local curvature bounds
and compactness theorems, play a supporting role, is Perelman’s proof of the
Poincaré Conjecture and Thurston’s Geometrization Conjecture; [87], [89], [88].4
A key issue is to control solutions to Hamilton’s Ricci ﬂow (a degenerate parabolic
equation for the metric) in situations where singularities appear and to show that
certain potential types of singularities do not occur at all.5 The adequately controlled
ﬂow is used to prove the existence of metrics with special properties on arbitrary
compact 3-manifolds. In the case of the Poincaré conjecture a metric of positive
constant curvature is constructed. Arguments of this type, which were also present
in the earlier work of Hamilton, have since become commonplace in the study of
Ricci ﬂow. For an exposition of the work of Hamilton and Perelman, see [75], [79],
[20], [21], [47].
In the ﬁnal section of the paper, we will describe some speciﬁc applications to
4-dimensional Einstein metrics with no a priori lower bound on the volumes of unit
balls.
4

At a certain point, the theory of collapse in dimension 3, with a local lower sectional curvature
bound also enters; [95].
5
Hamilton introduced the Ricci ﬂow in [71] and gave a spectacular initial application: a metric on a
3-manifold with positive Ricci curvature can be deformed to one with constant positive curvature.
He subsequently made substantial progress on using the Ricci ﬂow to prove the Poincaré Conjecture
and Thurston’s Geometrization Conjecture; see the references in [47].
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The discussion in the introduction has been inﬂuenced by numerous conversations with Misha Gromov which have taken place over the years; compare also
[67].

2. Antecedents
Although we assume familiarity with basic riemannian geometry, we will begin by
rapidly recording a few deﬁnitions and results. In trying to keep the preliminaries
to an absolute minimum we will not discuss such material as the riemannian connection, the ﬁrst and second variation formulas for arc length, Jacobi ﬁelds, second
fundamental form, etc, which would be absolutely fundamental in a fuller account;
see for example the ﬁrst section of [32]. In particular, we will try to avoid using the
riemannian connection, although on a few occasions, we will be compelled to do so.
We then describe some speciﬁc developments from the 1950’s and early 1960’s which
can be viewed as precursors of those which are our main focus.
Riemannian manifolds. A riemannian manifold, (M n , g), is a smooth manifold, M n ,
together with an inner product, g, on each tangent space, which is assumed to
vary smoothly. This family of inner products is called the riemannian metric. Using
g, one can deﬁne the lengths of piecewise smooth curves. The length of a curve is
independent of the parameterization. By deﬁning the distance ρ(p, q), between points
p, q as the inﬁmum of the lengths of all piecewise smooth curves which connect them,
we give M n the structure of a metric space. If M n is complete as a metric space, it
turns out always to be possible to join p and q by a minimal geodesic segment, γ
i.e. the length of γ is the distance from p to q.
The exponential map and normal coordinates. Geodesics can characterized as solutions of a certain invariantly deﬁned system of second order ordinary diﬀerential
equations which makes precise the inuitive idea that geodesics are curves which are
straight in the sense that when they are traversed at constant speed, there is no
acceleration. In terms of the riemannian connection, ∇, the geodesic equation reads
∇γ  γ  = 0 ,
where γ  denotes the tangent vector to γ; see [32]. Parameterization proportional
to arc length is a consequence of the of equation. For every p ∈ M n and tangent
vector, v ∈ Mpn , there is a unique geodesic, γv (t) deﬁned at least on some suﬃciently
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small interval about t = 0 (and in general, depending on v) such that γv (0) = v. For
all constants, c, we have γcv (t) = γv (ct). For Br (0) ⊂ Mpn a suﬃciently small ball
centered at the origin, this gives rise to a map,
expp : Br (0) → M n ,
deﬁned by
expp (v) = γv (1) .
It follows easily from the implicit function theorem that when expp is restricted to
some possibly smaller ball, Br (0), it is a diﬀeomorphism onto some neighborhood
of p. By deﬁnition, normal coordinates are coordinates obtained by transferring to
expp (Br (0)) via the map expp , a linear system of coordinates in Mpn associated to
an orthonormal basis.
The map, expp , sends straight lines through the origin in Mpn to geodesics
emanating from p, preserving the arc length parameterization. It is also the case
that if w is a tangent vector in Mpn at the point v, which is orthogonal to the line
t → tv, then d expp (w) is orthogonal to the geodesic, γv (t), at γv (1) = expp (v). This
statement is known as the Gauss lemma. It follows from the Gauss lemma, that if
expp | Br (0) is a diﬀeomorphism onto its image and v ∈ Br (0), then expp (tv) | [0, 1]
is the unique minimal geodesic segment joining p and q = expp (v).
From now on, we assume that M n is complete as a metric space. Then for all
p, expp is deﬁned on all of Mpn . This is part of the Hopf-Rinow theorem, which also
guarantees that in this case, every pair of points can be connected by a least one
geodsic segment whose length is equal to their distance. For almost all pairs, such a
minimizing segment is actually unique.
Curvature. In normal coordinates, x1 , . . . , xn , with origin p, in which the matrix of
functions,
∂
∂
,
,
gi,h :=
∂xi ∂xj
satisﬁes
gi,h = I + O(|x|2 ) .
The curvature tensor, a real valued 4-linear function,
R(x, y, z, w) ,
on tangent vectors at p, attaches an invariant meaning to the term O(|x|2 ).
The curvature tensor R(x, y, z, w) at p ∈ M n is determined algebraically by the
metric, g, together with the sectional curvature, which is the function on 2-planes,
σ, deﬁned by
Kσ = R(x, y, y, x) ,
where x, y is any orthonormal basis for σ. We say KM n ≥ H if the inequality Kσ ≥ H
holds for every 2-plane σ; similarly for KM n ≤ H.
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In normal coordinates, the sectional curvature has the following geometric interpretation. Let σ denote the 2-plane spanned by ∂x∂ 1 , ∂x∂ 2 . Then at distance t from
the origin along the x1 -axis,
g1,2 (t, 0, . . . , 0) :=

∂
∂x2

2

=1−

t2
· Kσ + O(t3 ) .
3

(2.1)

Since normal coordinates can be associated to any orthonormal basis, any 2-plane
σ arises in this way. Thus, positive curvature means that suﬃciently near the orgin,
d expp does not increase the lengths of tangent vectors, while negative curvature
means that their lengths do not decrease.
Conjugate points. The point, γ(t), is said to be conjugate to γ(0) along γ if d expγ(0)
is singular at tγ  (0), where we assume that γ is parameterized by arc length. For any
t > r, it is always possible to deform γ | [0, t ] to a curve of shorter length joining
γ(0) and γ(t ). Thus, geodesics never minimize past the ﬁrst conjugate point.
The cut locus. For p ∈ M n the cut locus, Cp , is the set of all points q such that for
some geodesic γ emanating from p, we have q = γ(t), ρ(p, q) = t and ρ(p, γ(t)) < t
for all t > t. The set Cp is closed and has measure zero. M n \ Cp is a star-like
contractible set which is the union of minimal geodesic segments emanating from p.
If q ∈ (M n \ Cp ), q = p, then there is a unique minimal geodesic from p to q and ρp
is smooth at q.
The injectivity radius. The injectivity radius at p, denoted ip , is the distance from
p to Cp . The injectivity radius, ip , can be deﬁned equivalently as the largest r such
that for all all s < r, expp | Bs (0) is a diﬀeomorphism onto its image. The injectivity
radius of M n is deﬁned by iM n = inf p∈M n ip .
Let dcp > 0 denote the minimum over all geodesics σ emanating from p (and
parameterized by arc length) of those t > 0 such that σ(t) is conjugate to p =
σ(0) along σ. Let dcM n = inf p∈M n dcp . Let γ denote a geodesic loop on p (smooth
everywhere except possibly) at p. By basic comparison theory, if KM n ≤ K, for
some K > 0, then
√
dcM n ≥ π/ K ;
for further discussion of comparison theory, see below.
Klingenberg gave the following characterizations of ip .6
1
ip = min( · length(γ), dc (p)) .
γ
2

(2.2)

It follows that
1
(2.3)
iM n = min( · length(γ), dc ) ,
p,γ 2
where in (2.3), γ denotes a smooth closed geodesic. Thus, the problem of ﬁnding a
lower bound for iM n is reduced to that of ﬁnding a lower bound for length(γ). This
6

For closely related assertions (mostly without proofs) see [80].
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is a global problem; see Section 3. Klingenberg also showed that in even dimensions,
if M n is orientable, then
1
π
· length(γ) ≥ √ ,
(2.4)
2
K
√
which implies iM n ≥ π/ K, and that in odd dimensions, this holds if M N is simply
n
connected and K
4 ≤ KM ≤ K; see also [36], [77].
Spaces of constant curvature. For all n, H, there is a complete simply connected
n , such that K ≡ H. The space, M n , is unique (up to isomriemannian manifold, MH
σ
H
etry). These spaces are spheres, Euclidean space and hyperbolic spaces. In suitable
(geodesic) polar coordinates, the metric can be written as
g = dr 2 + f 2 (r)
g.
Here, 
g is the metric on the unit sphere S n−1 and
⎧
√
√1 · sin Hr
⎪
⎪
H
⎨
f (r) = r

⎪
⎪
⎩ √1 · sinh |H|r
|H|

(2.5)

H > 0,
H = 0,
H < 0,

Comparison theorems. Comparison theory is concerned with assertions to the afn , has some geometrical property, P, then a space whose
fect that if the space, MH
curvature satisﬁes
KM n ≥ H ,

or

KM n ≤ H ,

n does, with equality only in rigid
has property P, at least to the extent that MH
cases. The direction of the inequality depends on the particular property under consideration. There are also comparison theorems for lower bounds on Ricci curvature
(but not for upper bounds).
The initial breakthrough in modern comparison theory was the Rauch comparison theorem for Jacobi ﬁelds along minimizing geodesic segments; [92]. This could
be viewed as a higher dimensional generalization of Sturm’s comparison theorem for
ordinary diﬀerential equations. Jacobi ﬁelds are the variation ﬁelds associated with
one pararmeter families of geodesics. A Jacobi ﬁeld, J, satisﬁes the second order
linear ordinary diﬀerential equation,

∇T ∇T = R(T, J)T ,
along the initial geodesic, γ in the family (where T = γ  ). Jacobi ﬁelds, play a
fundamental role, but we will try to avoid mentioning them explicitly.
Toponogov’s comparison theorem for geodesic triangles was the global successor
of Rauch’s theorem. It captures the inﬂuence of a lower bound on sectional curvature
in a purely synthetic fashion.
Theorem 2.6. Let M n be complete with KM n ≥ H. Let y1 , y2 , y2 ∈ M n and let γ1
n, a
geodesic segment from y2 to y3 . Let y4 ∈ γ1 . Then there exist y 1 , y 2 , y 3 ∈ MH
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minimal geodesic γ 1 from y2 to y3 and y 4 ∈ γ 1 , such that
ρ(y 4 , , y 2 ) = ρ(y2 , y4 ) ,
ρ(y 3 , y 4 ) = ρ(y3 , y4 ) ,
ρ(y 1 , y 4 ) ≤ ρ(y1 , y4 ) .
Synthetic curvature bounds. Observe that the above formulation uses only general
metric space concepts. Therefore, one can regard the conclusion as a synthetic deﬁnition of the inequality
KM n ≥ H ,
for metric spaces. This point of view, now widely known, was put forth in the work
of Wald [98], Buseman, [16], [17], [18] and Alexandrov, [3], [4]. Early discussions for
polyhedral surfaces go back considerably further.
The sphere theorem. A very important impetus for much of the progress in riemannian geometry in the 1950’s and 60’s was the sphere theorem. It was ﬁrst proved
with a nonsharp constant, and for homeomorphism in the conclusion, by H. Rauch;
[92]. The concept of the injectivity radius of the exponential map was explicated
by Klingenberg (and also Berger) in the course of their proof of the sharp (up to
homeomorphism) version which assumes 14 < KM n ≤ 1 .
Theorem 2.7. If M n is simply connected,
1
< KM n ≤ 1 ,
4
then M n is diﬀeomorphic to the standard sphere.
Remark 2.8. Berger and Klingenberg proved the homeomorphism version of the
sphere theorem with 14 < KM n ≤ 1; [10], [76]. In the even dimensional case, the
examples of symmetric spaces of rank 1 (including complex projective spaces) show
that the statement the pinching assumption cannot be weaked to 14 ≤ KM n ≤ 1.
Much later, it was observed in Abresch-Meyer that in odd dimensions, the conclusion
continues to hold with certain lower bound strictly less that 14 ; [2]. The ﬁrst versions
involving diﬀeomorphism were due to Calabi (unpublished) and Gromoll [57]. The
diﬀeomorphism statement in the version above, is a recent result of Brendle-Schoen,
whose proof uses Ricci ﬂow; [14].
In the context of the present article, it is natural to view the sphere theorem as
a kind of stability theorem or -regularity theorem; compare the discussion of [65].
The splitting theorem. The splitting theorem, a basic rigidity theorem, was discussed
at some length in Section 1. For the case of nonnegative sectional curvature, it was
proved by Toponogov in the late 1950’s by means of his triangle comparison theorem,
Theorem 2.6; see [97]. The 2-dimensional case is due to due to Cohn-Vossen; [48].
Recall that a line, γ : (−∞, ∞) → M n , is a doubly inﬁnite geodesic, each ﬁnite
segment of which is minimal.

Vol. 78 (2010)

Structure Theory and Convergence

231

Theorem 2.9. If M n is complete, with KM n ≥ 0, and M n contains a line γ, then
γ splits oﬀ as an isometric factor. Thus, M n = Rk × N n−k , isometrically, where
N n−k contains no lines.
Ricci curvature. The Ricci tensor is the symmetric bilinear form deﬁned by

RicM n (x, y) =
R(x, ei , ei , y) ,
i

where {ei } is any orthonormal basis. If x = 1, x, e2 , . . . en is any orthonormal basis
and σi is the 2-plane spanned by x and ei , i = 2, . . . n, then

Kσi .
RicM n (x, x) =
i

is an object of the same type as g, it makes sense to write the
Since Ric
Einstein equation,
(2.10)
RicM n = λg ,
where λ is a constant. In coordinate systems for which the coordinate functions are
harmonic, Δxi = 0, where Δ, the natural Laplacian associated to g, the Einstein
equation can be regarded as a quasi-linear elliptic equation for the metric gi,j . In
harmonic coordinates,

∂2
gi,j ·
,
(2.11)
Δ=
∂xi · ∂xj
Mn

i,j

where

gi,j

denotes the inverse matrix of the matrix gi,j , and
Ric(

∂gk,l
∂
1
∂
,
) = − Δ(gi,j ) + Qi,j (gs,t ,
),
∂xi ∂xj
2
∂xm

(2.12)

∂g

where Qi,j is quadratic in both ∂xk,l
and gs,t . (For the invariant deﬁnition of Δ, see
m
the end of this section.)
While for sectional curvature, comparison theory can involve either lower or
upper bounds, for Ricci curvature, only lower bounds provide meaningful constraints.
However, in the presence of a lower bound, an additional upper bound gives further
information.
Relative volume comparison. Ricci curvature controls the volume of metric balls, in
much the same way that sectional curvature controls distance. Let M n be complete,
n . The Bishop-Gromov inequality ([64]) states that if
p ∈ M n , p ∈ MH
RicM n ≥ (n − 1)Hg ,
then for r > 0, the following ratio of volumes of balls is monotonically nonincreasing:
Vol(Br (p))
↓ .
Vol(Br (p))

(2.13)

The Bishop Gromov inequality is actually a consequence of a more reﬁned
comparision which holds along each minimal geodesic segment emanating from p.
To state it, initially, we assume that we are in the interior of such a minimal segment
i.e. we have not reached a cut point.
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In any coordinate system, {xi },the riemannian volume element is equal to
det(gi,j ) · dx1 · · · dxn . In a polar coordinate system r, θ1 , . . . θn−1 associated to
a normal coordinate system the volume element can be written as A(r, θ) · dr, where
A(r, θ) is a certain volume element on the sphere. Letting prime denote diﬀerentiation in the r direction, for r > 0, the mean curvature, m(r, θ) of the boundary of
the unit ball, may be deﬁned as


A
.
A
(Since we are in the interior of a minimal segment, A = 0.)
For the case of constant curvature, let f (r) denote the warping function in (2.5).
Then the mean curvature is given by
m(r, θ) =



f n−1
f
=
(n
−
1)
.
f n−1
f
Mean curvature comparison states that in the interior of any minimal geodesic segment,
(2.14)
m(r, θ) ≤ m(r) .
m(r) =

Laplacian comparison. On a riemannian manifold, there is a natural invariantly
deﬁned Laplace operator, Δ, on functions, deﬁned by
Δf = div ∇f .
Here, ∇f , the gradient of f , satisﬁes for all v,
g(∇f, v) = v(f ) ,
where v(f ) denotes the directional derivative of f in the direction of v. If w =
w1 e1 + · · · + wn en , for some orthonormal frame ﬁeld, e1 , . . . , en , then its divergence
is given by


div w =
∇ei w, ei =
ei (wi ) − ∇ei ei , w .
i

i

In a polar coordinate system associated to a normal coordinate system,
Δ=

∂
∂2
,
+Δ
+ m(r)
∂r 2
∂r

 denotes the Laplacian on the coordinate r-sphere with its induced metric.
where Δ
n . Since, Δ(k(r))

= 0, for any function,
Let Δ denote the Laplacian on MH
k(r), (2.14) immediately implies the following Laplacian comparison for monotone
functions of k(r):
Δ k(r) ≤ Δ k(r)
if f ↑ ,
(2.15)
if f ↓ .
Δ k(r) ≥ Δ k(r)
It is crucial for applications that when properly understood, Laplacian comparison has a sense and is true, even at the end point, y, of a minimizing segment.
If y lies on the cut locus, Cx , the function, r (and hence, k(r)) is not smooth. The
ﬁrst way this was done was by Calabi, who employed barriers in a fashion which

Vol. 78 (2010)

Structure Theory and Convergence

233

to a large extent, anticipated the subsequent use of viscosity solutions in analysis;
[19]. A diﬀerent approach was taken in [34]. It amounted to showing that Δk(r),
interpreted in the distribution sense, is a signed measure with the appropriate sign.
Bochner formulas. Using the riemannian connection, a natural nonnegative selfadjoint Laplacian, i ∇ei ∇ei − ∇∇ei ei , called the “rough Laplacian”, can be deﬁned
on tensor ﬁelds of any type. For certain types of tensors, there is another natural
Laplacian, with particular geometric signiﬁcance, which diﬀers from the rough Laplacian by a zeroth order term involving curvature. For instance, the Hodge Laplacian,
dδ + δd, on diﬀerential forms, is such a Laplacian. Here, d denotes exterior diﬀerentiation and δ its formal adjoint. For 1-forms, the zeroth order term is (equivalent to)
the Ricci curvature. It follows that if the Ricci curvature is positive deﬁnite then so
is the operator dδ + δd.
The idea described in the preceeding paragraph is due to Bochner; see [12],
[13]. It is fundamental and has had very many important applications. Below, we
record a formula whose derivation (which we omit) employs the Bochner formula for
1-forms, in which the zeroth order term is essentially the Ricci tensor. For this we
need the notion of the Hessian of a function, f , on a riemannian manifold which is
a symmetric bilinear form on the tangent space. Using the riemannian connection,
it can be deﬁned invariantly by
Hess f (v, w) = vw(f ) − ∇v w(f ) .
Alternatively, Hessf (p) can be deﬁned by choosing a normal coordinate system at
p associated to an orthornormal basis in the tangent space, Mpn , and then taking
the usual matrix of second partial derivatives. If Hess f ≡ 0, then the gradient of
f is a parallel ﬁeld i.e. ∇∇f ≡ 0, in which case (by the de Rham decomposition
theorem) ∇f is tangent to the R factor of some local isometric splitting of the metric
as product metric R × N n−1 .
Let h denote some harmonic function. Then we have the Bochner type formula
1
Δ ∇h
2

2

= Hess h

2

+ RicM n (∇h, ∇h) .

(2.16)

If it so happens that ∇h 2 is a constant function (which means that h is a
distance function) then the left-hand side of (2.16) vanishes identically. If in addition
RicM n ≥ 0, then Hess h 2 ≡ 0 and we are in the splitting situation described above.
Even when specialized to Rn , formula (2.16) leads to an interesting intrinsic
characterization of linear functions: Linear functions are precisely those functions
which are both harmonic and distance functions. It is instructive to derive (2.16)
for the special case of Rn in which the Ricci curvature vanishes identically and only
ordinary calculus is needed. Let partial derivatives with respect to coordinates be
denoted by subscripts. Since partial derivatives commute, subscripts can be freely
permuted. (In general, covariant derivatives do not commute and their failure to do
so is measured by curvature. This accounts for the appearance of the Ricci curvature
term (2.16).) We will also employ the summation convention i.e. we understand
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summation over any subscript which is repeated. Then
1
Δ ∇h
2

2

1 2
h
2 j ii
= (hij )2 + hjii h
=

= (hij )2 + hiij h
= Hess h

2

,

where we have used hii ≡ 0 (h is harmonic) and hence, hiij ≡ 0 as well.

3. Bounded sectional curvature; the noncollapsed case.
In the mid 1960’s it was realized that already for manifolds with a deﬁnite bound on
sectional curvature, there was something to be said; see [24], [25].7 The ﬁrst results
were in the noncollapsed case, in which a lower volume bound is assumed. This was
shown to imply a lower bound on the injectivity radius.
General injectivity radius estimate. The basic tool is a lower bound on the length of a
smooth closed geodesic, γ, which is implied by the bounds, KM n ≥ −1, diam(M n ) ≤
d, Vol(M n ) ≥ v:
length(γ) ≥ c(n, d, v) > 0 .

(3.1)

The idea is that if length(γ) were too short, then Vol(M n ) would be to small. The
simplest way to see this (though not the original one) is to regard M n as a tube
around γ and then use Rauch comparison in computing the volume.
Consideration of ﬂat tori, S1 × S11 , S1 × S1−1 and surfaces of revolution in the
form of dumb bells with thin necks, shows that none of the bounds can be dropped
unless something else is added.
Combining (3.1) with the characterization (2.3) gives a lower bound on the
injectivity radius. If |KM n | ≤ 1, diam(M n ) ≤ d, Vol(M n ) > v, then
iM n ≥ c(n, d, v) .

(3.2)

If the Euler characteristic of M n is nonzero (n = 2k) or some integral Pontrjagin
number is nonzero (M n orientable, n = 4k) then a lower bound on volume holds.
This is a consequence of the Chern-Weil theory of the representation of characteristic
classes in terms of curvature. For instance, the Chern-Gauss-Bonnet formula asserts
M 2k

Pχ (R) = χ(M 2k ) ,

(3.3)

where Pχ (R) is a certain invariant multilinear expression in the curvature tensor R
and χ(M 2k ) denotes the Euler characteristic; [46].
7

For related considerations for the case of even dimensional manifolds with pinched positive curvature, see [24], [99].
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If |KM 2k | ≤ 1, then the pointwise norm of Pχ (R) satisﬁes |Pχ (R)| ≤ c(n), and
since |χ(M 2k | ≥ 1, it follows that
1
Vol(M 2k ) ≥
.
c(n)
Remark 3.4. If the 2-sided bound, |KM n | ≤ 1, is weakened to the lower bound,
KM n ≥ −1, then (3.2) fails. This is illustrated by the example of a the surface,
Σ2 , of an ice cream cone whose surface has been rounded oﬀ sharply very near the
cone tip so as to produce a smooth convex 2-dimensional surface with nonnegative
curvature, which near the cone tip is highly positive. However (as can be veriﬁed
directly for Σ2 ) there exist c1 = c1 (n, d, v), c2 = c2 (n, d, v) such that if r ≤ c1
then any ball Br (p) is contractible inside the ball Bc2 r (p); [70]. For certain rather
strong topological ﬁniteness conclusions, this suﬃces; compare the discussion below
of ﬁniteness in the context of the 2-sisded bound |KM n | ≤ 1.
Controlled atlases and diﬀeomorphism ﬁniteness. The ﬁrst application of (3.2) was a
ﬁniteness theorem which provides a natural ﬁltration on compact riemannian manifolds.
Theorem 3.5. The class of compact smooth n-manifolds admitting a metric with
|KM n | ≤ 1, diam(M n ) ≤ d, Vol(M n ) ≥ v, contains only ﬁnitely many diﬀeomorphism types.
The basic idea is to use the injectivity radius estimate and normal coordinates
to construct an atlas such that change of coordinate maps for overlapping charts is
controlled. Also, using the diameter bound, there is at most a deﬁnite number of
charts. Then ﬁniteness followed from an Arzela-Ascoli type argument and a stability
theorem. Intuitively, the idea is that these manifolds can be constructed from a
deﬁnite number of standard pieces.
Control of the change of coordinates maps which one gets using normal coordinates is far from optimal. While initially, this led to the introduction of some
technical topological arguments which did not apply dimension 4, later it was realized that this could be circumvented via regularization. Subsequently, Gromov ([64])
observed that by using distance function coordinates, one automatically gains one
derivative, so regularization is unnecessary; see also [90].
Compactness. The Jacobi ﬁeld estimates of [24] show that the gi,j statisfy deﬁnite
C 0 bounds in normal coordinates. Somewhat later, it was realized that this showed
that the above collection of such riemannian manifolds is totally bounded in the
Lipschitz topology.8 Hence, in the Lipschitz topology, one can actually take limits
of sequences of such manifolds. The compactness statement was explicitly stated (in
somewhat sharper form) [64] using distance coordinates.
Recall that a harmonic coordinate system is one in which the coordinate functions, hi , satisfy Δhi = 0. There are always many such coordinate systems in sufﬁciently small neighborhoods of a given point. DeTurck-Kazdan showed that, in
8

Lecture at the Summer Institute on Global Analysis, Stanford, 1973.

236

Jeﬀ Cheeger

Vol. 78 (2010)

general, optimal regularity of the gi,j is obtained in harmonic coordinates; [51].
Jost-Karcher showed that under the bounds considered above, there exist harmonic
coordinate systems on metric balls of a deﬁnite radius, in which the metric gi,j
(and its inverse) satisfy deﬁnite C 1,α bounds; [73]. It follows as above that given
the bounds in Theorem 3.5, there exists an atlas {U }, with a deﬁnite number of
charts such that the change of coordinates maps satisfy deﬁnite C 2,α bounds and
the metric, gi,j , (and its inverse) satisfy deﬁnite C 1,α bounds. In what follows all
topologies are deﬁned with respect to the atlases {U , k1 }, {U , k2 }. As above, we
get the following precompactness theorem; compare [91], [56].
Theorem 3.6. Let Min denote a sequence of manifolds with |KMkn | ≤ 1, diam(Mkn ) ≤
d, Vol(Mkn ) ≥ v. Then there is a subsequence, also denoted Mkn , for which there exist
diﬀeomorphisms φk1 ,k2 : Mkn1 → Mkn2 , which converge to the identity in the C 2,α
topology and for which φ∗k1 ,k2 (gi,j,k2 ) − gi,j,k1 converges to zero in the C 1,α topology.
Remark 3.7. Consider the 2-sphere with the metric obtained by starting with a
cylinder, [−1, 1] × S 1 , whose intrinsic curvature is ≡ 0, and joining each end to
hemispherical cap of constant curvature ≡ 1. There can be no way of regarding this
metric space as arising from a riemannian metric for which the gi,j are C 2 functions
in some atlas of charts, since in that case, the curvature would be a continuous
function. Clearly, the curvature is well deﬁned almost everywhere, and bounded
where deﬁned, but at the very least, it must have a jump discontinuity where the
caps are joined to the cylinder. However, by an obvious rounding oﬀ proceedure, it
is clear that the metric arises as a limit in the the sense of Theorem 3.6. This shows
that C 1,α cannot be strengthened to C 2 , no matter what coordinate systems are
used to express the metrics and the convergence.
The local injectivity radius estimate. Given a two sided bound, |KM n | ≤ 1, there is
a purely local lower bound on the length of a geodesic loop γ; see [40] and compare
(3.1). Assume that γ(0) = γ( ) = p (but do not assume that γ is smooth at p). Then
length(γ) ≥ c(n) · Vol(B1 (p)) .

(3.8)

The case of product manifolds, S1 × M n−1 , shows that (3.8) is qualitatively sharp.
The result is applicable for example in the noncompact complete case; a (weaker)
relative estimate in this case was given in [45].

4. Collapse with bounded sectional curvature.
Until the late 1970’s, for general manifolds of bounded curvature, the structure of a
ball on which there was no lower injectivity radius bound remained mysterious. (For
those who were familiar with it, some strong clues may have been provided by the
work of Kahzdan-Margulis in late 1960’s, which dealt with the locally symmetric
case.) Eventually, the realization came that even very small regions of riemannian
manifolds with bounded curvature can exhibit structure which while complicated,
can be understood, when these regions are studied (after rescaling) as if they were
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global. In this connection, the revolutionary development was Gromov’s theorem on
almost ﬂat manifolds; [58].
Theorem 4.1. There exists δ(n) > 0, such that if M n has bounded curvature, |KM n | ≤
1 and diam(M n ) ≤ δ(n), then M n is bi-Lipschitz equivalent (with small distortion)
to an infranil manifold.9
Since infranilmanifolds were already known to admit sequences of metrics gi
with |K(M n ,gi ) | ≤ 1 and diam(M n , gi ) → 0, the above might be seen as a kind of
stabilty theorem. But since in each dimension ≥ 3, there are inﬁnitely many topologically distinct infranilmanifolds, the particular model is not known in advance. This
is a fundamental diﬀerence from the case of the sphere theorem discussed in Section
2; see also the discussion of stability and pinching in [65]. A second way in which
Gromov’s theorem was revolutionary was that for the ﬁrst time, a structural result
for balls of a deﬁnite size in a manifold of bounded curvature was achieved, in which
the structure is not that of a standard ball. Note however, that the hypothesis in
the almost ﬂat theorem is a global one. There is a third revolutionary consequence
of the theorem. The extremely important concept of Gromov-Hausdorﬀ convergence
was formulated by Gromov in order to make precise the notion of collapsing to a
lower dimensional limit in the almost ﬂat case; compare Section 6.
Generalized thick thin decomposition. Let us introduce the following precise terminology. The -collapsed region of M n with bounded curvature, say |KM n | ≤ 1, is the
set of p ∈ M n such that Vol(B1 (p)) ≤ . Equivalently, if |KM n | ≤ 1, it is the set
points at which the injectivity radius is ≤ c.
Eventually, Theorem 4.1 was localized so that it applied to any suﬃciently
collapsed (i.e. δ(n)-collapsed) ball B1 (p) in a manifold with |KM n | ≤ 1, and then
reglobalized so as to apply to arbitrarily large suﬃciently collapsed regions; see the
discussion of F -structures and N -structures below. The resulting theory could then
be combined with a a version of the discussion of Section 3, which states roughly
that noncollapsed regions of a deﬁnite size are made up of a deﬁnite number of
standard balls. The result was a structure theory for arbitrary complete manifolds
with |KM n | ≤ 1. Of necessity, there are diﬀerent descriptions in the noncollapsed
and collapsed regions of such a manifold, and the boundary between these regions
is not quite sharply deﬁned.
Flat manifolds. The mutual antagonism between bounded curvature and small size
is best illustrated by the fact that under the scaling g → 2 g, in the limit as  → 0,
the curvature blows up unless it is ≡ 0 to begin with, in which case it remains
unchanged. According to the Bieberbach theorem a compact ﬂat manifold has a
ﬁnite normal covering by a ﬂat torus (which might not be isometrically a product).
Note the presence of an abelian group of symmetry (of the covering torus).
9

In fact, Gromov showed that M n has a ﬁnite covering by a nilmanifold. Subsequently, Ruh used
additional analytic arguments to show that M n is infranil which says that the ﬁnite covering is
normal and that the covering groups consists of aﬃne transformations of the natural ﬂat aﬃne
connection; [93].
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The discrete group technique to be described further below, made its ﬁrst appearance in Bieberbach’s work on ﬂat manfolds.
Negative curvature and existence of noncollapsed regions. Very signiﬁcant steps
were taken in the 1970’s. It was already known that for 2-dimensional surfaces with
curvature ≡ −1, there exists at least one point at which the injectivity radius has a
deﬁnite lower bound. This was generalized to locally symmetric spaces by KahzdanMargulis and to manifolds with variable negative curvature, KM n ≤ −K < 0, by
Margulis and Heintze; [74], [72]. In the case of symmetric spaces with nonpositive
curvature, this led to generalizaton of the 2-dimensional “thick-thin” decomposition
into disc-like pieces and thin cylindrical pieces. Later, in the context of F -structures
and N -structures, the bounded nonpositive curvature assumption was relaxed to
just bounded curvature.
A key role in the negative curvature discussion was played by nilpotent subgroups of the fundamental group with rank > 1, whose existence would be incompatible with the assumption KM n ≤ −K < 0. The putative nilpotent subgroups
were examined by the discrete group technique which arose earlier in the proof of
the Bieberbach theorem and which provides the structure of ﬂat manifolds K ≡ 0.
The discrete group technique. If G is a Lie group and g, h are contained in a suﬃciently small neighborhood of the identity, then following sequence of the series of
iterated commutators converges to the identity e ∈ G.
[h, g], [[h, g], g], [[[h, g], g], g], · · · → e ,
This reﬂects the fact that that to ﬁrst order, every Lie group is commutative. In
particular, if g, h are contained in a discrete subgroup, then the above series must
terminate in the identity after ﬁnitely many terms.
Isometric products with ﬂat manifolds. If M is arbitrary with |KM | ≤ 1, X is ﬂat
and X denotes X with riemannian metric scaled by a factor 2 , then the curvature
of the isometric product, X × M , satisﬁes |KX ×M | ≤ 1.
Surfaces of revolution. A special case of the previous example of collapse with
bounded curvature is obtained by rolling a sheet of paper into a thin cylinder. More
interesting examples of this type are gotten by unrolling a more general cylindrical
surface of revolution into an inﬁnite strip and then rerolling it as tightly as one
wants. Note again the presence of nontrival circular symmetries.
The Berger example. An early example of collapse was due to Berger. Recall the
lower bound for the injectivity radius given in (2.4). Berger showed by example that
that this could not be extended to the odd dimensional simply connected case in
which 19 < KM n ≤ 1. He started with the standard metric on S 3 and uniformly
shrunk the ﬁbres of the Hopf ﬁbration while leaving the metric unchanged on its
orthogonal complement. It can be veriﬁed that when the ﬁbres are very small, then
locally over the base, the geometry is close to being a product metric of the ﬁbres
and a metric on the base which has constant curvature close to 4. In particular, as
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the ﬁbres (and the injectivity radius) shrink to zero, the curvature stays bounded.
Note again the presence of circular symmetry in the form of rotation in the ﬁbres.
The Heisenberg group modulo a lattice. The simplest example of an almost ﬂat
manifold is obtained from the 3-dimensional Heisenberg group, N, which can be
described up to isomorphism as 3 × 3 upper triangular matrices with 1’s on the
diagonal. Note that if a, b, c are the nonzero oﬀ diagonal entries, with c in the upper
right-hand corner (which corresponds to the center) then Tλ (a, b, c) := (λaλb, λ2 c)
is an automorphism for any λ > 0. For right-invariant riemannian metrics on N, the
curvature is uniformly bounded and there is an induced metric on the compact quotient space, N/Tδ (Z), where Z denotes the discrete subgroup consisting of matrices
with integer entries. Up to diﬀeomorphism, N/Tδ (Z) is independent of δ and can be
viewed as a circle bundle over a 2-torus, the ﬁbres of which are cosets of the center.
As δ → 0, the diameter of N/Tδ (Z) goes to zero. Since the ﬁbres shrink at the
rate δ2 while the two complementary directions shrink at rate δ, the above collapse
takes place on 2-diﬀerent scales. The global structure is nilpotent, but on the scale,
δ2 , of the injectivity radius, the symmetry is again local i.e. rotation in the direction
of the ﬁbres.
F -structures and N -structures. The discussion of the previous subsections suggests
that suﬃcient collapse with bounded curvature should be accompanied by approximate local abelian symmetry on the scale of the injectivity radius and more generally
nilpotent symmetry on some small but deﬁnite scale. This turns out to be correct.
What is more, the approximate local symmetries can be organized into a global
topological structure on the suﬃciently collapsed part; [59], [62], [37], [52], [53], [54],
[38], [33]. The local description of the structure of a ball of a deﬁnite size was also
given in [55].
If the description is on the scale of the injectivity radius, then the relevant the
topological structure is called an F -structure of positive rank. (F stands for ﬂat.)
This structure partitions the manifold into orbits which are ﬂat manifolds of positive
dimension. If the description is on a small but deﬁnite scale, the topological structure
is called an N -structure. (N stands for nilpotent.) In this case, the partitioning is into
orbits which are infranil manifolds. We will say a bit more concerning F -structures
which are technically simpler to describe.
The F -structure, a kind of generalized torus action (or generalized ﬂat manifold)
can be described as follows. There is an open covering {Ui }, such that for each
i ,
individual Ui , there is an eﬀective action of a torus T ki on a ﬁnite normal covering U
which is normalized by the covering group. As a consequence, Ui is the disjoint union
i . All orbits
of orbits, Oi which are the images of the orbits of the T ki action on U
have positive dimension, though certain exceptional orbits may have dimension < ki .
For all p there is a largest orbit O(p) containing all the other Oi which contain p. If
ki is independent of i the structure is called pure. The natural F -structures in the
previous examples are of this type. If the structure is not pure, it is called mixed.
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It is a consequence of the construction of the F -structure associated to a very
collapsed manifold with bounded curvature, that the actions of the T ki almost preserve the metric. In fact, the actions do preserve a metric close to the given one.
The global F -structure associated to a suﬃciently collapsed metric with |KM n |
≤ 1 is not essentially canonical but not entirely so. There can be ambiguous cases in
which a somewhat arbitrary choice must made in specifying the dimensions ki . For
example, in the case of graph manifolds discussed below, a decision must be made
as to the precise subset of points on which the 2-torus, T 2 acts; it could be taken
slightly bigger or slightly smaller with no essential diﬀerence. Even when the ki have
been ﬁxed, there is some ambiguity in the choice of the corresponding torus actions
i.e. a tiny perturbation of any given choice would work just as well. The fact that a
global topological structure can be assembled despite the ambiguities, follows from
the general stability of compact group actions, which implies that suﬃciently small
ambiguities are inessential. Thus, particular local choices can be ﬁtted together after
appropriate small perturbations. The relevant stability theorem is the stability of
compact group actions; [69].
Graph manifolds. The simplest example of mixed F -structures are provided by graph
manifolds. Rather surprisingly, R3 can be given a structure of this type. Take a
possibly inﬁnite collection of riemann surfaces, Σ2i , each of which has at least 3
boundary components (each of which is a circle S 1 ) such that the total number of
boundary components is even. Each Σ2i has a complete metric of curvature ≡ −1,
which near inﬁnity is a union of so-called cusps, for which the metric can be written
g, where 
g denotes the metric on the circle S 1 . Very far out on each cusp,
as dr 2 +e−2r 
chop oﬀ the part at inﬁnity and bend the metric, keeping the curvature nonpositive,
so that near the boundary, it becomes a product with an interval. Do this in such
a way that all boundary circles have length . For all i, form Σ2i × S1 and glue the
boundary components in pairs, by isometries which interchange the S 1 factors, to
obtain a 3-manifold, M 3 , with no global S 1 factor. Such a manifold is called a graph
manifold. The resulting metric is very collapsed with bounded curvature |KM 3 | ≤ 1
(and large diameter). With a slight reﬁnement of the construction, one can even
make the global volume of M 3 as small as one wishes. The local torus actions of the
F -structure have rank 1 away from the common boundaries. They correspond to
rotation in the direction of the S 1 factor of Σ2i × S1 . Near the common boundaries,
the rank of the F -structure is 2.
Rescaling and the construction of the F -structure. Suppose that |KM n | ≤ 1, p ∈ M n
and ip is very small. The explanation for the existence of the local torus actions (the
raw material from which the F -structure is constructed) can be viewed as an instance
of the emergence of structure, as discussed in Section 1.
If one rescales the distance by a factor, i−1
p , then from the vantage point of p,
the manifold, M n , now looks very much like a complete noncompact ﬂat manifold,
which is not Rn , since it contains a geodesic loop of length 1. The Bieberbach
theorem, which we stated in the compact case, actually applies to such complete
ﬂat manifolds as well. In fact, inside a complete ﬂat manifold, X n , there is always a

Vol. 78 (2010)

Structure Theory and Convergence

241

compact totally geodesic ﬂat submanifold S m such that X n is diﬀeomorphic to its
normal bundle. This is a special case of the soul theorem for complete manifolds of
nonnegative curvature, which is itself a rigidity theorem.
Collapses with bounded curvature associated to F -structures. There is a converse
to the construction of the F -structure on a suﬃciently collapsed region of a manifold
with |KM n | ≤ 1. Given an F -structure on M n with all orbits of positive dimension
one can construct a sequence of arbitrarily collapsed metrics for which the torus
actions are precisely isometric; [37]. This generalizes more special collapsing constructions for the Berger example and graph manifolds. Though it does not provide
applications, it does show that the theory has many examples.
For the case of pure structures, one starts with a metric for which the torus
actions are isometric (constructed by an averaging argument) and then multiplies
this metric by a small factor, 2 , in the direction of orbits, while leaving it unchanged
in the directions orthogonal to the orbits. To see that the curvature stays bounded
independent of , choose a local coordinate system x1 , . . . xk , y1 , . . . yn−k , for which
the inﬁnitesimal generators, V1 , . . . , Vk of the torus actions are coordinate ﬁelds;
∂
. (Existence follows immediately from Frobenius’ theorem.) One easily sees
V = ∂x

that the metric is independent of x1 , . . . , xk and takes the form

2 A
2 B
,
gi,j = 2
 B 2 C + D
where the upper right hand corner corresponds to the coordinates x1 , . . . , xk and the
matrices, A, D are positive deﬁnite. Put z = x . In coordinates, z1 , . . . , zk , y1 , . . . ,
yn−k , the metric takes the form

A
B
,
gi,j =
B 2 C + D
which in the limit as  → 0 becomes
gi,j =

A 0
0 D


.

In general, A(x1 , . . . , yn−k ) = A(z1 /, . . . , yn−k ), D(x1 , . . . , yn−k ) = D(z1 /, . . . , yn−k )
and the limit does not exist. But in our case, A = A(y1 . . . , yn−k ), D = D(y1 . . . , yn−k ),
so the limit exists! This implies that the curvature remains bounded as  → 0.
In the case of mixed structures, it is also necessary to suitably expand the metric
in the orthogonal directions, in order to keep the curvature bounded; compare the
graph manifold example given above.
Vanishing Euler characteristic. Every orbit of the F -structure is a compact ﬂat manifold of positive dimension and hence has Euler characteristic zero. This vanishing
of the Euler charateristic can seen either from the fact that a ﬂat manifold is ﬁnitely
covered by a torus or, since Pχ (R) ≡ 0, from the Chern-Gauss-Bonnet theorem,
(3.3), By a Mayer-Vietoris type argument, it follows that a collapsed region which
is a union of orbits, itself must have vanishing Euler characteristic.
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Good chopping. The good chopping theorem asserts that in a manifold of bounded
curvature, a subset A (which might reside in an arbitrarily collapsed region) can
be surrounded by a submanifold with boundary for which the volume and second
fundamental form of the boundary are controlled; [39].
Speciﬁcally, given η > 0, there exists Nη , with A ⊂ Nη ⊂ Tη (A), such that
Vol(∂Nη ) ≤ c(n) · η −1 Vol(Tη ) ,

(4.2)

II∂Nη ≤ c(n) · η −1 .

(4.3)

Here, Tη (A) denotes the η-tubular neighborhood of A ⊂ M n and IIW ( · ) denotes
the second fundamental form of W .
Although the proof of the good chopping theorem does not require the theory
of N -structures, one can show that the chopping can be chosen to be compatible
with the N -structure which exists on the suﬃciently collapsed part. Namely, it can
arranged that if ∂Nη is contained in the suﬃciently collapsed part, then it is a union
of orbits of the N -structure.
The original applications of good chopping were to construct exhaustions, M n =

n
i Mi , of complete manifolds with bounded curvature and ﬁnite volume, for which
Vol(∂M n ) → 0 ,
II∂M n ≤ c(n) .
For n = 2k, the Chern-Gauss-Bonnet formula for manifolds with boundary, gives
χ(Mi2k ) =

Mi2k

Pχ (Mi2k ) +

∂Mi2k

T Pχ (R, II∂M 2k ) ,
i

(4.4)

where the boundary term, T Pχ (R, II∂M 2k ), is a certain polynomial expression in R
i
and the second fundamental form II∂M 2k . Since χ(M 2ki ) ∈ Z, by letting i → ∞, it
i
follows that for such manifolds,
M 2k

Pχ (R) = lim χ(Mi2k ) ∈ Z .
i→∞

Note that the topological type of M 2k can be inﬁnite. Even if M 2k is homotopy
equivalent to a ﬁnite complex, the above mentioned integral need not coincide with
the Euler characteristic of M 2k .
As discussed in Section 11, a local variant of the above argument has signiﬁcant
applications in the context of obtaining sectional curvature bounds on 4-dimensional
Einstein manifolds. This this application is another instance of the important trend
of the localization of (previously) global techniques and results.

5. Local curvature bounds
The structure theory for manifolds with bounded sectional curvature has a soft
extension which makes it applicable to complete manifolds on which the curvature
need not be bounded, or in compact cases in which no explicit bound is assumed. In
fact the same holds true for the structure theory associated to any particular type of
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uniform curvature bound. For example, local lower sectional curvature bounds play
a key role in Perelman’s proof of Thurston’s geometrization conjecture; [87], [89],
[88]. The basic idea also arose in [38], [100], [5], and [42]. We will consider the case
of bounded curvature, which is typical.
Let M n denote a complete riemnnian manifold. For p ∈ M n deﬁne the curvature
radius, r(p) ≤ ∞, by
r(p) = sup sup r 2 · |K(x)| ≤ 1 .
r

(5.1)

x∈Br (p)

The ﬁrst crucial point is after rescaling distances by a factor, (r(p))−1 , the
sectional curvature becomes bounded in absolute value by 1, on a ball of radius 1
centered at p.
The second crucial property follows directly from the fact that the deﬁnition
incorporates a sup norm. Namely, r(p) varies moderately on its own scale (which
can be thought of as a kind of Harnack inequality). Speciﬁcally,
r(x) ≥ r(p) − ρ(x, p) .

(5.2)

This is immediate from the fact that Br(p)−ρ(x,p) (x) ⊂ Br(p) (p). Relation (5.2) provides enough control on the scale of r(p) so that it is a routine matter to extend
the ﬁniteness/compactness/collapse discussion for manifolds with |KM n | ≤ 1, to the
case of arbitrary complete manifolds in whose curvature might not be bounded; see
[6], [42]. Of course, the local scale on which these structures live depends on the
function r(p).
As mentioned in Section 1, in some cases, even absent control over r(p), purely
topological information, such as that provided by the existence of an F -structure,
is suﬃcient for an application. In other cases, information on the scale, r(p), can be
promoted to information on a ﬁxed scale, to obtain a deﬁnite lower bound on r(p)
i.e a bound on sectional curvature; see the proof of Theorem 11.4.

6. Weak geometric convergence and weak compactness
In the notion of C 1,α-convergence which was discussed in Section 3, the limit is
a smooth manifold that is diﬀeomorphic to all suﬃciently far out members of the
sequence; see Theorem 3.6. In particular, singularities cannot form and the dimension
cannot drop in the limit. For studying such phenomena, including the limiting cases
of collapse with bounded curvature, a weaker notion of convergence is required.
The Gromov-Hausdorﬀ distance. The Gromov-Hausdorﬀ distance between two compact metric spaces, (X1 , ρ1 ), (X2 , ρ2 ) is an abstract version of the classical Hausdorﬀ
distance between subsets of a metric space. Consider all metrics, ρ, on the disjoint
union of X1 and X2 which restrict to ρ1 on X1 and to ρ2 on X2 . Deﬁne dGH (X1 , X2 )
to be the inﬁmum over such ρ such that X1 is contained in the r-tubular neighborhood of X2 and vice versa; [64], [63].
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Intuitively, X1 , X2 are close in the Gromov-Hausdorﬀ sense if to the naked
eye, the look indistinguishable. Under a microscope however, they can look entirely
diﬀerent.
The Gromov-Hausdorﬀ distance turns the collection of all isometry classes of
compact metric spaces into a metric space. Thus, there is an associated notion
of Gromov-Hausdorﬀ convergence. For noncompact metric spaces, the appropriate
notion is pointed Gromov-Hausdorﬀ converge. For this, one considers sequence of
pointed spaces, (Xi , xi ) and asks for Gromov-Hausdorﬀ convergence on balls, BR (xi ),
for every R < ∞.
Uniform total boundedness and soft Gromov compactness. A complete metric space
is compact if and only if it is totally bounded. That is, if there exists a ﬁnite -dense
subset for all , or equivalently, for  = 1. 12 , 13 . . . .. The following soft (and easy)
theorem of Gromov represents a fundamental organizing principle.
Theorem 6.1. Given any function N : R+ → Z+ , the collection of all isometry
classes of metric spaces of diameter ≤ d and such that for all  > 0, there exists
a -dense subset with at most N () members, is compact in the Gromov-Hausdorﬀ
topology.
The argument showing that the collection of all isometry classes of metric spaces
as in Theorem 6.1 is totally bounded with respect to the Gromov-Hausdorﬀ distance
was already indicated in Section 1. From this, the completeness of this collection
under Gromov-Hausdorﬀ convergence is obtained by a diagonal argument resembling
the one by which the completion of a metric space is constructed.
There is a standard hypothesis which yields uniform total boundedness. Namely,
suppose the metric space X with diameter ≤ d, carries measure μ which is doubling
i.e for all x, r,
μ(B2r (x) ≤ 2κ · μ(Br (x)) .
Fix  > 0 and consider a maximal -separated subset {xi }. Maximality implies that
this set is -dense. Moreover, the balls B 2 (xi ) are disjoint. By regarding X = Bd (xi )
and by iterating the doubling condition, it follows that each such ball contains a
deﬁnite fraction of the measure μ(X). This bounds the cardinality of the set {xi }.
Gromov’s compactness theorem for Ricci curvature. Gromov’s soft compactness
theorem can be implemented in the context of lower bounds on Ricci curvature.
Theorem 6.2. The collection of compact riemannian n-manifolds with
diam(M n ) ≤ d
RicM n ≥ (n − 1)H ,
is precompact with respect to the Gromov-Hausforﬀ distance.
To see this note that the Bishop-Gromov inequalilty immediately implies a
doubling condition for the riemannian volume.
√ Also observe that in the special case,
H > 0, by Myers theorem, diam(M n ) ≤ π/ H.
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Limit spaces. The limit spaces whose existence is provided by the above theorem
can be thought of as something like the riemannian analogs of elements of Sobolev
spaces. One could also think of an analogy with weak∗ compactness of the unit ball
for Banach spaces.
The compactness theorem can potentially be brought to bear on the smooth
case as follows. If we wish to show that the above class of manifolds, or some subclass,
cannot exhibit arbitrarily bad behavior of a certain sort, we can argue by contradiction. The compactness theorem leads to a limit space exhibiting a particular kind
of singularity which reﬂects the increasingly bad behavior in the approximating sequence. If we can then show that the singular behavior cannot occur in the limit we
have reached a contradiction.
Such a plan requires a structure theory for limit spaces. This is an analog of
regularity or partial regularity theory for Sobolev spaces. By analogy with the regularity of distribution solutions of elliptic pde, one can also hope that under suitable
extra assumptions, Gromov-Hausdorﬀ convergence can be promoted to smooth convergence. As discussed in Section 9, the technical tools for implementing the above
approach are quantitative rigidity theorems; see Section 8.10

7. Rigidity theorems
As emphasized in Section 1, geometric properties are mutually antagonistic to the
extent that they cannot coexist. Rigidity phenomena arise in the boundary cases,
when strict inequalities are relaxed to weak ones. Behavior which was formerly impossible can now occur, but only under highly constrained circumstances.
The splitting theorem again. The splitting theorem was already discussed in Sections
1, 2.
Theorem 7.1. If M n is complete, with RicM n ≥ 0, and M n contains a line γ, then
γ splits oﬀ as an isometric factor. Thus, M n = Rk × N n−k , isometrically, where
N n−k contains no lines.
For the case of nonnegative sectional curvature, the splitting theorem was
proved by Toponogov; [97]. In that case, it was reproved in [35], using Busemann
functions (which were also used there in the proof of the soul theorem). A bit later,
this approach to the splitting theorem was extended to the case of nonnegative Ricci
curvature; [34].
Deﬁne a ray to be a geodesic, γ : [0, ∞) → M n , each ﬁnite segment of which is
minimal. Unlike lines, rays are common in noncompact manifolds. An easy limiting
argument shows that if M n is not compact, then for all p ∈ M n there exists at
10

For the case of lower sectional curvature bounds, the main tool is Toponogov’s theorem, Theorem
2.6, which is formulated in such a way that it is clear that it passes to Gromov-Hausdorﬀ limits.
Length spaces for which Toponogov’s theorem holds (whether or not they arise as limits of riemannian manifolds) are known as Alexandrov spaces. These spaces have a detailed structure theory
which was developed in the early 1990’s. It will not be discussed here; see [61], [15], [86], [84].
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least one ray, γ, with γ(0) = p. To a ray γ, we associate the Busemann function, bγ
deﬁned by
bγ (x) = lim ρ(x, γ(t)) − t ;
(7.2)
t→∞

existence of the limit follows easily from the triangle inequality.
In R2 , if γ is the negative x-axis, it is easy to check directly that bγ is the function, x, whose restriction to any line is a linear function. By applying Toponogov’s
theorem (as stated in Theorem 2.6) to the function ρ(x, γ(t)) and then passing to
the limit as in (7.2), it is virtually immediate that for manifolds with KM n ≥ 0, the
restriction of any bγ to any geodesic σ is a convex function.
If γ is a line, then for any t, both γt := γ | (t, ∞) and −γt := γ | (−∞, t] are rays.
By applying the triangle inequality and passing to the limit, it follows easily that
the convex function, bγt + b−γt , is nonnegative, while clearly, bγt (t) + b−γt (t) = 0.
A convex function which attains its minimum is a constant function. It follows that
for any geodesic, σ, passing through, γ(t), the restriction of bγt + b−γt | σ ≡ 0. This
already shows that the level surfaces of bγ are totally geodesic submanifolds.
Next we indicate how the argument can be extended to the more general case
RicM n ≥ 0. In this case, rather than being convex, Busemann functions, bγ , are super
harmonic. That is, for any smooth domain, Ω, we have bγ | Ω is no smaller than the
harmonic function, h, such that h | ∂Ω = bγ | ∂Ω. This uses Laplacian comparison
in its generalized form to assert that the Laplacian of bγ satisﬁes Δbγ ≤ 0 in the
barrier or distribution sense; see (2.15) and the discussion which follows. Note that
the function, bγ , which is a renormalized limit of distance functions is a priori, only
Lipschitz, so the generalized form of Laplacian comparison is needed.
If γ is a line, by the maximum principle, it follows as above, that bγ0 + b−γ0 ≡
0 and hence that bγ0 = −b−γ0 is both super harmonic and subharmonic. Hence,
this function is harmonic and in particular smooth. Since it is a renormalized limit
of distance functions, its gradient has constant norm ∇bγ ≡ 1. It now follows
from Bochner’s formula, (2.16), that the gradient, ∇bγ0 , is a parallel vector ﬁeld
∇(∇bγ0 ) ≡ 0. As explained after (2.16), this implies the existence of a local isometric
splitting, which in our case is global; the factors are the integral curves of ∇bγ0 and
the level surfaces of bγ0 .
The volume annulus implies metric annulus theorem. In the context of the BishopGromov relative volume comparison theorem, we have the following rigidity theorem
(for which we do not know a speciﬁc attribution). It is easier to prove than the
splitting theorem because distance functions which are not a priori smooth do not
enter.
Theorem 7.3. Let RicM n ≥ (n − 1)H and suppose that for some interval r1 < r < r2 ,
the weakly decreasing function in (2.13) is constant. Then
Br2 (p) \ Br1 (p) = (r1 , r2 ) × N n−1 ,
g, on N n−1 , the restriction of g to Br2 (p) \
for some N n−1 and for some metric, 
Br1 (p) satisﬁes
g.
g = dr 2 + f 2 (r)
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8. Quantitative rigidity
Quantitative rigidity theorems for Ricci curvature, were developed in the 1990’s,
long after the rigidity theorems themselves were proved. Roughly speaking, these
theorems state that if the hypothesis of a rigidity theorem holds modulo a small error
then so does the conclusion. If such a theorem is correctly formulated, it should be
equivalent to the assertion that the rigidity theorem itself holds for suitable GromovHausdorﬀ limit spaces. For this, all notions of what constitutes a “small error” must
be appropriately speciﬁed.
We illustrate this by considering the quantitative version of splitting theorem
for nonnegative Ricci curvature; [28]. The volume annulus implies metric annulus
theorem also has a quantitative version. We leave the precise formulation as an
exercise (although later we discuss some applications).
Theorem 8.1. Let M n be complete, p, q1 , q2 ∈ M n and
ρ(p, q1 ) + ρ(p, q2 ) − ρ(q1 , q2 ) < δ ,
ρ(p, qi ) ≥ δ−1

i = 1, 2 .

(8.2)
(8.3)

Assume in addition that
RicM n ≥ −(n − 1)δg

(on Bδ−1 (p)) .

Given  > 0, R < ∞, there exists δ(, R) > 0, such that if the above bounds hold
with δ = δ(, R), then there exists N n−1 , and
p ∈ R × N n−1 ,
such that
dGH (BR (p), BR (p)) <  .
Note that a line, γ, in a Gromov-Hausdorﬀ limit space is not always the limit of
a sequence of long minimizing segments in the approximating sequence of manifolds.
It is however, the limit of conﬁgurations in the approximating sequence satisfying
(8.2), (8.3). We also mention that no matter how small we take δ > 0, it is not always
true that BR (p) is topologically equivalent to a ball in a product space R × N n−1 ;
[8], [85].
While the formal outlines of the proofs of the quantitative rigidity theorems follow those in the precisely rigid cases, a substantial number of entirely new ideas and
techniques are required. Although direct use of the maximum principle is not permissible, estimates obtained with the help of the quantitative forms of the maximum
principle do play an important role. What we are referring to here is the maximum
principle as augmented by the generalized Laplacian comparison (in the sense of
[19]). Given a function whose Laplacian almost has a sign, one adds a small auxilliary function, suitably contructed from a distance function, so that the Laplacian
of the resulting function does have a sign. Then one applies the maximum principle.
This technique was used in [1] in proving a weak version of the quantitative splitting
theorem. This result was a breakthrough, which subsequently was used essentially
in the proof of the full quantitative theorem.
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The key to proving the splitting theorem is to show that the Busemann function,
bγ is both harmonic and a distance function. Then Bochner’s formula (2.16), implies
that Hess bγ ≡ 0; see Section 7. In the quantitative splitting theorem, one eventually
produces a harmonic function h, on BR (p), which is close to the function ρ(x, q1 ) −
ρ(p, q1 ) (which plays the role of bγ ) and such that Hess h is small in the L2 sense.
Then one shows that this implies that BR (p) is close in the Gromov-Hausdorﬀ sense
to a ball which splits isometrically. This style of proof was pioneered in noncollapsed
situations in [49], [50]. The estimates on h again involve Bochner type formulas and
this time, integral arguments. All such integral estimates must be normalized by
volume since there is no noncollapsing assumption. The Cheng-Yau estimate for the
pointwise norm of the gradient of a harmonic function ([44]) also enters in controlling
h.
Other issues arise which would not be present if there were an apriori lower
volume bound. For instance, in controlling h, a special cut oﬀ function, with a 2sided bound on its Laplacian, is needed in order to integrate by parts. This cut oﬀ
function is constructed with the aid of a quantitative maximum principle; [28]. This
integration by parts is an example of the localization of arguments which formerly
could only be used a global setting and not on balls BR (p) with ∂BR (p) = ∅. Also, in
showing that h gives rise to an almost isometric splitting, a new geometric inequality
(called the “segment inequality”) is required.

9. Rescaling, small scale structure and weak limits
In this section, implicitly we are concerned with the properties of riemannian manifolds with RicM n ≥ −(n − 1)g, on a small but deﬁnite scale. By using Gromov’s
compactness theorem, it is an excercise to see that at least for properties which can
be formulated in terms of Hausdorﬀ distance, this is equivalent to studying the inﬁnitesimal structure of the limiting metric spaces in Gromov’s compactness theorem,
Theorem 6.2. Since the formulations in terms of limit spaces are simpler to state,
they will be the ones given below. For the detailed discussion of the structure of
limit spaces see; [29], [30], [31] and the expository account [26].
At the outset, the only more or less obvious structural property of our limit
spaces is the existence of minimal geodesics between any two points. On the other
hand, quantitative rigidity theorems (which are diﬃcult to prove) are formulated in
such a way that they pass to Gromov-Hausdorﬀ limits. Thus, they provide tools for
studying the structure of limit spaces which can then be used to establish additional
properties, without further reference to the approximating sequence of manifolds.
These in turn the provide further uniform information on the approximating sequence.
Recall from Section 6, that pointed Gromov-Hausdorﬀ convergence of a sequence of pointed metric spaces, (Xi , ρXi , xi ) to a limiting pointed metric space
(X∞ , x∞ ), means Gromov-Hausdorﬀ convergence of BR (xi ) to BR (x∞ ), for all R >
d

GH
0. We write (Xi , ρXi , x∞ ) −→
(X∞ , ρX∞ , x∞ ).
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Tangent cones at inﬁnity. Let M n be complete with RicM n ≥ 0. Then we can use
pointed Gromov-Hausdorﬀ convergence to study the asymptotic behavior of M n at
inﬁnity.
Let ρ denote the distance function on M n and ﬁx m ∈ M n . (The particular
choice plays no role.) For any sequence, ai → ∞, the rescaled riemannian manifolds, (M n , a−2
i g) have nonnegative Ricci curvature as well, since the condition of
having nonnegative Ricci curvature is scale invariant. By Gromov’s compactness theorem, the sequence (M n , a−1
i ρ, m) has a subsequence which converges in the pointed
Gromov-Hausdorﬀ sense to a metric space (M∞ , ρM∞ , m∞ ). Any such rescaled limit,
(M∞ , ρM∞ , m∞ ), is called a tangent cone at inﬁnity of M n . It follows directly from
Theorem 8.1 that the splitting theorem holds for (M∞ , ρM∞ ).
Suppose we add the assumption that M n has Euclidean volume growth. That
is, there exists v > 0 such that
Vol(Br (p)) ≥ vr n .

(9.1)

Then by the Bishop-Gromov inequality, (2.13), we have existence of the limit
Vol(Br (p))
,
r→∞ Vol(Br (p))
lim

where in this case, Br (p) ⊂ Rn . Therefore, the quantitative version of Theorem 7.3
applies to any annulus, BCR (m) \ BR (m), provided R = R(C) is suﬃciently large.
The conclusion is that any tangent cone is a warped product with Euclidean warping
function f (r) = r. Such a warped product metric space is called a metric cone.
The metric cone on the metric space (Z, dZ ) can be deﬁned purely synthetically
as the completion of the metric space R × Z, where the distance from (r1 , z1 ) to
(r2 , z2 ) is given by
r12 + r22 − 2r1 r2 cos(ρZ (z1 , z2 )
r1 + r2

1
2

if ρZ (z1 , z2 ) ≤ π ,
if ρZ (z1 , z2 ) > π .

For the tangent cones at inﬁnity as above, the cross-section, Z, satisﬁes diam(Z) ≤ π,
since otherwise, it is not diﬃcult to see that the splitting theorem, which holds for
these cones, would be contradicted.
It can be shown that if some tangent cone at inﬁnity is Rn = C(S n−1 ), where
n−1
denotes the unit sphere, then M n = Rn .
S
Example 9.2. There is an Einstein metric with Euclidiean volume growth on the
total space of the tangent bundle to the unit 2-sphere, whose Ricci tensor vanishes
identically. It is known as the Eguchi-Hanson metric. Observe that the sphere bundle of T S 2 is real projective 3-space RP(3). The tangent cone at inﬁnity is unique
(independent of the particular sequence of rescalings) and is equal to the metric
cone C(RP(3)), where RP(3) carries its canonical metric of constant curvature ≡ 1.
Alternatively, this cone can be described as R4 modulo the antipodal map.
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Tangent cones at points of limit spaces. Let
RicMin ≥ −(n − 1)g ,
n

(9.3)

d

GH
(Min , ρMi , mi ) −→
(Y, ρY , y∞ ) .

(9.4)

At y ∈ Y , the inﬁnitesimal structure of Y can be studied by rescaling and passing
to the limit. A tangent cone, Yy , is the pointed Gromov-Hausdorﬀ limit of some
sequence
d

GH
(Y, ai · ρY , y) −→
(Yy , ρYy , y)

ai → ∞ .

It follows from Gromov’s compactness theorem, Theorem 6.2, that tangent cones
exist for all y ∈ Y , though they might not be unique. Of course, if Y happens to be
a riemannian manifold, then the tangent cone at y ∈ Y can be identiﬁed with the
tangent space. Since Ric(Min ,a2i gi ) = a−2
i · Ric(Min ,gi ) , we see that Yy has nonnegative
Ricci curvature in a generalized sense. In fact, considering a diagonal sequence, Yy
is the pointed Gromov-Hausdorﬀ limit of spaces which satisfy the conditions of the
quantitative splitting theorem for δ → 0. Thus, the splitting theorem holds for Yy .
This is the basis for the general theory of the structure of Gromov-Hausdorﬀ limit
spaces with Ricci curvature bounded below. The theory in the general case is a bit
too technical to discussed here; see however, the heuristic discussion given in the
introduction. Instead, we pass to the noncollapsed case where more can be said.
Noncollapsed limits. If we add the noncollapsing assumption
Vol(B1 (mi )) ≥ v > 0 ,

(9.5)

then as above, we ﬁnd:
Theorem 9.6. If (9.3), (9.4), (9.5) hold, then every tangent cone, Yy is isometric to
a metric cone C(Z) such that diam(Z) ≤ π.
The most obvious possibility is that Yy isometric to Rn , the metric cone on the
unit sphere S n−1 . In fact, it can be shown that if some tangent cone at y is isometric
to Rn then so is any other. Such points are called a regular and the remaining points
are called singular.
An example of a singular point with a unique tangent cone, C(PR(3)), is obtained by taking the pointed Gromov-Hausdorﬀ limit of the Euguchi-Hansen metric
on T S 2 under a sequence of scalings ai → 0. Note that these scalings preserve the
condition that the Ricci tensor vanishes identically.
On the basis of the heuristic discussion of the introduction, we would expect
that “most” points are regular. This turns out to be correct. Denote by
 Sk , the set
of points such that no tangent cone splits oﬀ a factor Rk . Thus, S = 0≤k<n−1 Sk .
In fact, it can be shown that
(9.7)
dim Sk ≤ k ,
where in this case, dim denotes Hausdorﬀ dimension. To see that this is somehow
reasonable, pretend that Y is a simplicial complex. Relation (9.7) implies dim S ≤
n − 1. This is not the last word; see (9.8).
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Blowup argments. The proof of (9.7) involves an iterated blowup argument. This
method of arguing is rather standard in geometric analysis and more generally in
nonlinear pde. Blowup arguments proceed by showing that the failure of a statement would imply its failure in a better controlled situation and ultimately, in a
situation which is so well controlled that the failure can be seen to be impossible.
The better controlled situation is found by rescaling and passing to a limit. For such
a proceedure to work, ones needs to be able to take the relevant limit and to be able
to assert that after having done so, the situation has in some way improved. In our
context, we are going to use the fact that tangent cones have have special properties
not enjoyed by general limit spaces Y . Speciﬁcally, the splitting theorem holds for
tangent cones and in the noncollapsed case, every tangent cone is a metric cone.
Assume that (9.7) is false for some limit space Y . The ﬁrst step (the argument
for which we omit) is to show that this implies (9.7) would also fail for some tangent
cone Yy . Since Yy = C(Z), every point y  ∈ Yy , other than the vertex of C(Z), lies
on a ray (in the radial direction of C(Z)). Using the failure of (9.7) for Yy , we are
able repeat the argument by contradiction at a suitable point y  ∈ Yy , passing now
to a tangent cone of the the space, Yy , at y  . The ray in the radial direction passing
through y  gives rise to a line in this new tangent cone. By the splitting theorem, this
line splits oﬀ as an isometric factor, so at this stage, even more has been gained. By
iterating this argument, we construct a sequence of iterated tangent cones in which
(9.7) fails and which split oﬀ more and more lines. Eventually the set Sk becomes
empty and we reach a contradiction.
For any noncollapsed limit space Y , it turns out that Sn−1 is always empty.
This implies, S = Sn−2 and so,
dim S ≤ n − 2 .

(9.8)

To make plausible the assertion, Sn−1 = ∅, observe that if the metric cone, Yy , splits
oﬀ a factor Rn−1 isometrically, and Yy = Rn , then the only possibility is that Yy is
the half-space Rn−1 × R+ . The vertex of this cone lies on the boundary Rn−1 × 0.
Intuitively however, for tangent cones which arise as Gromov-Hausdorﬀ limits of
manifolds, the vertex (which corresponds to the base point in the pointed GromovHausdorﬀ limit) should be an interior point of the cone. This heuristic argument can
be turned into a proof.
Note that the ice cream cone surface of Remark 3.4 shows that the inequality
in (9.8) cannot be improved. A similar but more elaborate example, is a convex
 2 with a dense set of conical points, most of which (of necessity) look only
surface, Σ
very weakly singular, i.e. almost smooth. This example shows that the set S need
 2 is just the 2-sphere.
not be a closed subset. Of course, topologically, Σ
-regularity. -regularity theorems are local stability theorems, which assert under
suitable assumptions, that if something looks approximately standard in some weak
sense, then on a smaller subregion of a deﬁnite size, it will look standard in a stronger
sense. Such theorems play a role in our context.
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Suppose we weaken our deﬁnition of regular point to include points for which
the unit ball centered at the vertex of the tangent cone is (suﬃciently) GromovHausdorﬀ close to the the unit ball in Rn . Then the complement of this “weakly
regular” set is a closed subset of S. Moreover, the “weakly regular” set can be shown
to be a topological manifold (and as a consequence, Y is a topological manifold oﬀ
a closed subset of Hausdorﬀ codimension 2). This statement entails an -regularity
theorem which we state informally as follows:
If the ball, B1 (y), is suﬃciently Gromov-Hausdorﬀ close to a ball in Rn , then
a ball, Br (y), of a deﬁnite radius is homeomorphic to a ball in Rn .
Suppose we make the stronger assumption that there is actually a 2-sided bound
on the norm of the Ricci curvature, say
|RicM n | ≤ n − 1 .

(9.9)

In this case, by an -regularity theorem of Anderson, the conclusion in the previously
mentioned -regularity theorem can be strengthened. Namely, “homeomorphic” can
be replaced by C 1,α closeness of the metric in suitable harmonic coordinates; see [7].
In this case the set S is actually closed and Y \ S is a C 1,α riemannian manifold.
The proof of Anderson’s theorem uses a compactness theorem and an argument
by contradiction. As we have seen previously, typically, compactness theorems allow
for some loss of regularity in the limit. In the present instance, this is overcome
by using elliptic regularity, which arises from the fact that the expression for the
Ricci tensor in harmonic coordinates, {xi }, can be regarded as an elliptic equation
for the metric; see (2.12). An -regularity theorem with diﬀerent hypotheses will be
discussed in the next two sections.
Remark 9.10. Anderson conjectured that (9.9) actually implies dim S ≤ 4. By arguing as above, this reduces to showing that Sn−2 is empty. (The corresponding
statement for Sn−3 turns out to be easy.) The potential tangent cones which must
be shown not to arise as Gromov-Hausdorﬀ limits (with Ric → 0) are now of
the form Rn−2 × C(S 1 ), where S 1 denotes a circle of circumference < 2π. This can
be done for Kähler manifolds (and more generally for all manifolds with special
holonomy) but is still open in general; see [22], [41] and the expository account [27].

10. Integral curvature bounds, -regularity
In this section, we consider Einstein metrics, that is, metrics which satisfy RicM n =
(n − 1)Hg. Suitably formulated, all of what we say extends to metrics with 2-sided
bounds on the Ricci tensor. After normalization by scaling, we can write
RicM n = (n − 1)Hg ,

(10.1)

where |H| ≤ 1.
In certain cases, either from the Chern-Gauss-Bonnet formula, or one of its generalizations, an additional bound on the L2 -norm of the curvature can be obtained
in terms of purely topological information. In particular, this happens for all Einstein manifolds in dimension 4; see Section 11 and in particular (11.2). To the extent
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possible, one would like to use an integral bound to obtain pointwise estimates on
the full curvature tensor, or equivalently, on the sectional curvature.
The theory of noncollapsed Einstein manifolds with an a priori lower bound
on the collapsing and an Lp bound on the curvature tensor has been developed for
all p ≥ 1. There are two basic ingredients, -regularity theorems (the hard part)
and covering arguments which control the size of the set of points at which the
hypotheses of the -regularity theorem cannot be satisﬁed on a suﬃciently small
scale. Of course, the larger value of p, the stronger the conclusions. In the proofs of
-regularity theorems, the structure theory of Section 9 plays a role.
The case, p = n2 is special, since the L n2 -norm of the curvature is invariant under
scaling. This is analogous to a borderline case of the Sobolev embedding theorem.
The results for p = n2 are also somewhat easier to describe than those for smaller
values of p. So the case p = n2 is the one we will discuss here. However, as explained
above, for applications the L2 -norm is the most signiﬁcant; for this case see [23],
[22]. Note that in dimension 4, the L2 -norm is the L n2 -norm.
The basic -regularity theorem for Einstein metrics with an L n2 bound on curvature was developed towards the end of the 1980’s independently in [6], [82], [5],
[96]. As in earlier work in Yang-Mills theory, the main estimate is obtained by the
analytic technique of Moser iteration. In this technique, higher and higher Lp norms
are estimated inductively, eventually yielding an L∞ estimate. In our case, the Einstein condition is used in deriving a certain inequality for Δ R 2 , which, in our
context, amounts to one of the standard inputs for the Moser iteration argument.
For the Moser iteration argument to go through, a certain term with the wrong
sign has to be absorbed. This is possible only if the L n2 -norm of the curvature is
suﬃciently small with respect to s(r, p), the constant in the Sobolev inequality. The
required smallness of the L n2 -norm of R represents the  in the -regularity theorem.
Thus, the only place in which explicit knowledge of the geometry is required is
in bounding the Sobolev constant. The rest of the proof involves only calculations
which are insensitive to the particulars of the geometry i.e. one could as well be
doing the computations in Rn .
The Sobolev inequality for compactly supported functions on a metric ball
Br (p), states that for some constant, s(r, p),


 n−1
f

n
n−1

n

≤ s(r, p) ·

Br (p)

|∇f | .

(10.2)

Br (p)

n
> 1, whereas on the right-hand side an L1 -norm (of ∇f ) appears.
Note that n−1
This is what is ultimately responsible for the possibility of raising the Lp -norm in
the inductive step of Moser iteration argument as described above.
According to (Theorem 4.1) of [5], (2.13),

s(r, p) ≤

Vol(Br (p))
Vol(Br (p))

 n1
.

(10.3)
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where the notation is as in the Bishop-Gromov inequality (2.13); see [40] for a closely
related estimate.
Following [5], the -regularity theorem can be stated as follows.
Theorem 10.4. There exist τ = τ (n) > 0, c = c(n) ≥ 1, such that if M n denotes
an Einstein manifold satisfying RicM n = (n − 1)Hg, with |H| ≤ 1 and for some
p ∈ M n,
Vol(Br (p))
n
·
R 2 ≤τ,
(10.5)
Vol(Br (p)) Br (p)
then


sup

R ≤ cr

−2

·

B 1 r (p)
2

Vol(Br (p))
·
Vol(Br (p))

2
R

n
2

n

.

(10.6)

Br (p)

The volume ratio occuring in (10.3) arises from the estimate for the Sobolev
constant in (10.3). In principle, (10.5) can be satisﬁed in situations in which the
collapsing is arbitrarily small. However, prior to the applications described in Section
11, the only applications of (10.3) were in situations in which a there was deﬁnite
lower bound on the collapsing, or on the scale of the curvature radius r(p); see (5.1).
Remark 10.7. It is important to recognize that the left-hand side of (10.5) is the
product of two quantities which decrease monotonically as r decreases. For the volume ratio, this is just the Bishop-Gromov inequality (2.13). Thus, as the radius of a
ball with ﬁxed center is decreased, (10.5) becomes easier to satisfy. It will be satisﬁed
for r suﬃciently small, since in the limit as r → 0, the volume ratio goes to 1 and
the curvature integral goes to zero.
Now, in addition to (10.1) (with |H| ≤ 1) let us make the additional assumption
R
Mn

n
2

≤C,

(10.8)

and the noncollapsing assumption that for all p and all r ≤ 1,
Vol(Br (p))
≥ v > 0.
Vol(Br (p))

(10.9)

Then for any ﬁxed r < 1, there can be at most C/(τ v) disjoint balls, Br (pi ), for
which the smallness condition, (10.5), fails to hold.
This has a very strong consequence which is most easily stated for GromovHausdorﬀ limits Y of sequences of Einstein manifolds satisfying our assumptions.
Theorem 10.10. There exist y1 , . . . , yN , with N ≤ C/(τ v), such that if y1 , . . . , yN is
deleted from Y then the resulting space is a smooth incomplete Einstein manifold.
Moreover, in a suﬃciently small neighborhood of each point yi , the metric is of
orbifold type, that is, the quotient of a smooth Einstein metric on some ball, by a
ﬁnite group of isometries which ﬁxes the center of the ball and acts freely away from
the center.

Vol. 78 (2010)

Structure Theory and Convergence

255

Of course, proving the assertion that the metric is of orbifold type near the
points, yi , is not just a simple application of -regularity; it requires substantial
additional work.
Collapse with locally bounded curvature. As discussed in Section 4, there is a constant, η = η(n) > 0, such that if |KM n | ≤ 1 then on a region which is η-collapsed
at all points, an F -structure of positive rank can be constructed on the scale of the
injectivity radius and an N -structure of positive rank can be constructed on a small
but deﬁnite scale. Recall that the collapsing assumption means simply that
Vol(B1 (p))
≤ η.
Vol(B1 (p))

(10.11)

If only RicM n ≥ −(n−1), it follows easily from (2.13) and the triangle inequality,
that if for some constant c1 , we make the slightly stronger assumption
Vol(B 1 (p))
Vol(B1 (p))
2
≤
· c−n η ,
Vol(B1 (p))
Vol(B 3 (p)) 1

(10.12)

2

then every sub-ball, B 1 (q), with q ∈ B 1 (p) will be c−n
1 η-collapsed. Therefore, by
2
2

(2.13), for each such q, there will be a radius r (q), such that B2r (q) (q) is precisely
c−n
1 η-collapsed i.e.
Vol(B2r (q) (q))
= c−n
(10.13)
1 η.
Vol(B2r (q) (q))
Suppose in addition to (10.12), we assume that (10.5), the hypothesis of the regularity theorem holds for B1 (p) and choose c1 = 2c, with c the constant in (10.6)
of Theorem 10.4, the -regularity theorem. Then as observed in [6], by applying
Theorem 10.4, it follows that for all q ∈ B 1 (p), the curvature on Br (q) (q) is bounded
2

by (r  (q))−2 ; see the monotonicity discussion of Remark 10.7. Thus, for all ∈ B 1 (p),
2



r (q) ≤ r(q) ,

(10.14)

and Br (q) (q) is suﬃciently collapsed such that as discussed in Section 5, the F structure can be contructed on B 1 (p). (The above discussion applies to N -structures
2
as well as F -structures; see [42].)

11. Einstein metrics in dimension 4
In this section, we describe some recent results from [42] on compact Einstein manifolds in dimension 4, in which no a priori lower bound on collapsing is assumed;
compare Section 10. We will brieﬂy outline the proof of the -regularity theorem.
We do not pretend to give an argument which can be followed in detail. Our main
desire is to give an indicatation of the role played by those ideas which were discussed in earlier sections. These include quantitative rigidity, the theory of collapse
with local curvature bounds, the localization of (previously) global arguments, in
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this case via good chopping with local curvature bounds, and quantitative rigidity;
compare Sections 4, 5, 8.
Recall that the Einstein constant in (10.1) is written (n − 1)H. By scaling, we
normalize the constant, H, in (10.1) to take values in {−1, 0, 1}.
Preliminaries. The crucial fact in dimension 4 is the special form taken by Pχ , the
Chern-Gauss-Bonnet integrand; see [11]. Namely, for 4-dimensional Einstein manifolds,
1
Pχ = 2 · R 2 · Vol( · ) ,
(11.1)
8π
where Vol( · ) denotes the volume form (in the same local orientation as is used to
deﬁne Pχ ). It follows from the Chern-Gauss-Bonnet formula (3.3) that for compact
4-dimensional Einstein manifolds, the L2 -norm of the curvature is a topological
invariant,
1
χ(M 4 ) = 2
R 2,
(11.2)
8π M 4
and in the presence of the noncollapsing assumption, (10.9), the description of
Gromov-Hausdorﬀ limits as orbifolds applies; see Theorem 10.10. The results described below, in which no noncollapsing assumption is required, make strong use of
the pointwise relation (11.1) and discussion of collapse with locally bounded curvature at the end of Section 10. Before getting into this, we give a bit more background.
Most of the currently known the examples of Einstein metrics in dimension 4
are actually Kähler-Einstein.11 Kähler-Einstein metrics arise from the solution of
the Calabi conjecture, which does not give an explicit formula for the metric; [9],
[101], [96]. For the cases H = ±1, the solutions are parameterized by the diﬀerent
choices of J, with the caveat that for the case H = 1, there are additional necessary
conditions. One such is that the group of holomorphic transformations is reductive.
In dimension 4, this is also suﬃcient; see [96]. For the case, H = 0, the solution
depends in addition on the cohomology class of the Kähler form.
We recall that a riemannian metric on a complex manifold is called Hermitian
if the almost complex structure, J, is an isometry and Kähler if also, the Kähler
form, ω, deﬁned by
ω(v, w) = g(Jv, w) ,
is closed. In this case,
1
Ric(Jv, w) ,
2π
is a closed 2-form whose cohomology class, the ﬁrst Chern class, depends only on J
and does not change when J is deformed.
c1 (v, w) =

11

For H = 1, there two remarkable examples of 4 dimensional Einstein metrics which are not
Kähler-Einstein. The ﬁrst these, discovered by Page in 1979 is given by an explicit formula; [83].
The second, constructed recently by Chen-LeBrun-Weber is not given by an explicit formula; [43].
It is conformal to a Kähler metric in case in which no Kähler Einstein metric can exist because the
the group of holomorphic transformations is not reductive. The construction, which is a tour de
force, involves convergence, blowup and noncollapsing arguments, of the sort recounted in the the
present paper.
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In the Kähler-Einstein case, c1 is proportional to ω and if H = ±1, the volume
can be expressed cohomologically,
n

n

Vol(M n ) = (±2π) 2 [c1 ] 2 (M n ) ,

(11.3)

where [c1 ] denotes the ﬁrst Chern class and the power is taken in the sense of the
cup product.
In the case H = 1, Myers’ theorem ([81]) implies diam(M 4 ) ≤ π. It follows from
(2.13) that a lower bound on Vol(M 4 ) (for instance (11.3)) implies a lower bound
on the collapsing at all points. In this case, Theorem 10.10 applies.
On the other hand, there are special constructions of sequences of KählerEinstein metrics with H = 0 on K3 surfaces, for which the the diameter goes to
inﬁnity and the collapsing goes to zero at all points; [68]. In such a case, we will see
that the sectional curvature must actually go to zero away from a deﬁnite number
of points.
For H = −1, there is also no a priori diameter bound. However, as we will see,
in our situation, a lower bound on Vol(M 4 ) implies a lower bound on the collapsing
at some point. This is analogous to the results of Kahzdan-Margulis, Margulis and
Heintze, for the case negative sectional curvature, which were discussed in Section
4.
The -regularity theorem and its consequences. In dimension 4, we have the following
improved -regularity theorem. As compared to Theorem 10.4, the key feature is that
the L2 -norm of the curvature is not required to be suﬃciently small with respect to
the collapsing, but rather, only suﬃciently small.
Theorem 11.4. There exists  > 0, c, such that the following holds. Let M 4 denote
an Einstein 4-manifold satisfying (10.1). Let p ∈ M 4 , r ≤ 1. If
|R|2 ≤  ,

(11.5)

Br (p)

then

sup |R| ≤ c · r −2 .

(11.6)

B 1 r (p)
2

If H = 0 and the assumption, r ≤ 1, is dropped, then (11.6) holds.
Theorem 11.4 has some signiﬁcant consequences. Suppose we ﬁx the Euler characteristic and hence, by (11.2), the L2 -norm of the curvature. Then, there can be at
most a deﬁnite number,
χ(M 4 )
,
N ≤ 8π 2 ·

of disjoint balls, B1 (pi ), on which the hypothesis (11.5) is not satisﬁed. In particular,
if say, ρ(q, pi ) ≥ 1 for all i then
R(q) ≤ c .

(11.7)

In the case, H = 0, by scaling, we get the stronger statement that for all q,
R(q) ≤ c min ρ(q, pi )−2 .
i

(11.8)
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In this case, if M 4 has large diameter, then in most places, the curvature is small.
If H ∈ {−1, 0, 1}, and M 4 is suﬃciently
 collapsed, then it will be suﬃciently
collapsed with bounded curvature on M 4 \ i B1 (pi ). Then, by the “good chopping”
theorem, discussed in Section 4, there will exist a manifold, N , with smooth
 boundary, which is the union of orbits of an F -structure, such that of N ⊃ M 4 \ i B2 (pi ),
and in addition, the volume of ∂N is very small and the second fundamental form
of ∂N has a deﬁnite bound; see (4.2), (4.3). Therefore, the boundary term in the
Chern-Gauss-Bonnet formula, (4.4),
very small and since N is a union of
 is also
2
orbits, χ(N ) = 0. Thus, by (11.1), N R is very small as well.
If in addition, H = ±1, then the pointwise norm, R 2 , has a deﬁnite lower
bound and we conclude from the above that in fact, Vol(N ) is very small. Since each
point, pi , is a distance at most 2 from N , it follows by relative volume comparison
that Vol(M 4 ) itself is very small. If, as in (11.3), there is some deﬁnite lower bound
on Vol(M 4 ), then for suﬃciently collapsing, this leads to a contradiction and we
conclude the existence of a deﬁnite lower bound on the collapsing at some point.
Indication of the proof of the -regularity theorem. With no loss of generality, we
can assume that r = 1. We can also assume any deﬁnite (small) upper bound on
the volume of B1 (p), since otherwise, we are eﬀectively in the situation of Theorem
10.4. In particular, as in the discussion at the end of Section 10, we can assume that
B1 (p) is suﬃciently collapsed with locally bounded curvature so that an N -structure
of positive rank can be constructed on the scale of the the curvature radius.
The proof is achieved by showing that for  in (11.5) suitably small, the hypothesis of the previous -regularity theorem, Theorem 10.4, will actually be satisﬁed on
a concentric ball of a deﬁnite radius i.e. on this ball, the L2 -norm of the curvature
is not only small, but suﬃciently small relative to the collapsing. This is done in two
steps.
Step 1 is to show that on a concentric ball of a deﬁnite radius, there is a deﬁnite
bound on ratio of the L2 -norm of the curvature to the collapsing. However, this
bound might not yet be small enough. Step 2 is to show that by further shrinking
the radius by a controlled factor, one arrives a ball for which the hypothesis, (10.5),
of Theorem 10.4 holds.
Let us begin by indicating brieﬂy how the second step is accomplished. In
dimension 4, the left-hand side of (10.5) is given by
Vol(Br (p))
·
Vol(Br (p))

R

2

,

(11.9)

Br (p)

which as observed in Remark 10.7, is the product of two quantities, each of which
decreases monotonically when r is decreased. Assuming Step 1, we want to show
that this decrease takes place at a deﬁnite rate.
Suppose on some interval, say 12 r ≤ r ≤ r, this function is almost constant.
Then two things must happen. First of all, in the L2 -sense, a fraction close to 1 of
the L2 -norm of the curvature must be concentrated on B 1 r (p). From this and Step
2
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1, it follows that (10.5) is satisﬁed on B 3 r (p) \ B 2 r (p). Then Theorem 10.4 implies
4
3
that the sectional curvature has a deﬁnite bound on that annulus.
Also, the volume ratio in (11.9) must be almost constant, and so, we are in a
situation in which we can apply the quantitative rigidity theorem, corresponding to
Theorem 7.3, the “volume annulus implies metric annulus” theorem. To see what this
tells us, pretend that the volume ratio is truly constant, in which case, by Theorem
7.3, the metric on the annulus would be a warped product. In is case, ∂Br (p) is
geodesically convex for 23 r ≤ r ≤ 34 r, which implies that the boundary term in the
Chern-Gauss-Bonnet formula, (4.4), has a positive sign. This continues to hold if
the volume ratio is suﬃciently close to being constant.
Since sectional curvature has a deﬁnite bound on ∂Br (p) and we are free to
assume any deﬁnite amount of collapsing, we can assume that there is enough collapsing such that the boundary term, which we now know to be strictly positive, is
< 12 . But we have already assumed that the L2 -norm of the curvature for Br (p) is
very small and we are free to assume that it so small that the integral of Pχ over this
ball is also < 12 . By the Chern-Gauss-Bonnet formula, (4.4), this would imply that
the Euler characteristic, χ(B1 (p)), is strictly between 0 and 1, which is impossible.
Thus, once the quantity in (11.9) has a deﬁnite bound, it must decrease at deﬁnite
rate when r decreases. This concludes argument for Step 2.
Now return to the Step 1. The key is to obtain a certain integral estimate which
can be iterated, eventually leading to the estimate in Step 1.
As mentioned above, we are free to assume that B1 (p) is suﬃciently collapsed
with locally bounded curvature, so that an N -structure can be constructed on the
scale of the (variable) curvature radius r(q). The plan is to construct a “good chopping”, B 2 (p) ⊂ Z ⊂ B 3 (p) on the scale of the curvature radius, which is a union
3
4
of orbits of the N -structure; compare (4.2), (4.3) and the discussion of Section 5.
In particular,
χ(Z) = 0. We want to use the Chern-Gauss-Bonnet formula, (4.4), to

estimate Z Pχ (R), or equivalently, Z R 2 . Since, χ(Z) = 0, this is equivalent to
estimating the boundary term in (4.4).
It is clear that at least initially, the estimate for the boundary term should
depend on the curvature radius, r(q), which is a function on B1 (p) and is not yet
under control. However, by carefully examining the proof of the chopping theorem,
then bringing in Theorem 10.4 and employing a maximal function estimate, one

3
arrives at an estimate for the boundary term involving only ( A R 2 ) 4 , where A =
B 3 (p)\B 2 (p). This estimate can then be iterated in a fashion not unlike what occurs
4

3

in the Moser iteration. The crucial point is 34 < 1, which plays a similar role to that
played by n−1
n < 1 in Moser iteration. In this way, the proof of Step 1 is completed;
for futher details, see [42].
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