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aCceleration

* Cin4
 Some chemistry (!)
* Atheorem! (Though not C)

e Cin3



An accelerating black hole in 4D is described by the C-metric

2 2 2
ds® = Q72| f(r)dt® — Jilz;) — r? (;(—90) + g(0) sin” «9%)

Where

2

f:(l—z—m)(l—AQTZ)—kr—

r 02
g=142mAcosb

Q=1+ Arcos6

f determines horizon structure —
black hole / acceleration /




Start by thinking about deficits. Known exact solutions have
a symmetry axis, and we can “cut out” a portion of the

angular coordinate — this is a legitimate GR solution and can
be sourced by a cosmic string. 92

dsy,s o< d0” + - d¢”

K measures a deficit or “cosmic string” on axis,
keeping the angular coordinate at fixed periodicity

0 =2 1—i =8
= 27 % = 8T




Want to do thermodynamics with strings, so start with a semi-
familiar case: Schwarzschild-AdS with a deficit: f = 1-2m/r+r2/£

Black hole horizon defined by f=0, look at small changes in f.
Horizon still defined by f(r) = O.

f(?“_|_—|—57“_|_):f/(7'_|_)($7°_|_ | af5 —I—af of =0

/ “ (%T
Changes r+, Changes m,




Temperature has usual definition, but entropy depends on K:

T_f/(“r) S:ﬁ \}‘
- Ax K

-and we want to do thermodynamics including the string, so
we have to take into account varying K.

7rr_|_5r_|_ 2 5K

552 7T7°_|_—2




Tension Is related to K;

So easily get

Finally 3 dr 5




Putting together:

2K
0 = (T(SS+2( — 2 )0u + VP — 5(%))

V'
So identify m

M = —
K

Then also get Smarr relation:

M =2TS5 — 2PV



The term multiplying the variation in tension is a
“thermodynamic length”

A=Ty —m

Reinforces interpretation of M as enthalpy, if black
hole grows, it swallows some string, but has also
displaced the same amount of energy from
environment.




To get acceleration (A) add different tensions for N and S
strings:

04 = 27T(1 — @) = 27T(1 _ 1= 2mA) — “Brug”

K

Conventionally, we make N axis regular, with deficit on S axis

on=0=K=1+2mA
SmTmA mA




In general, the C-metric has acceleration horizon, so
thermodynamics would refer locally to black hole horizon — here
we can see the nontrivial nature of the spacetime more readily.




change cords to get
AdS from an off-
centre perspective.
An observer hovering
away from centre of y
AdS is accelerating //
This is SLOWLY
ACCELERATING
RINDLER




BLACK HOLE

The slowly accelerating black hole
in AdS is displaced from centre. [t
has a conical deficit running from
the horizon to the boundary. The
string tension provides the force
that hold the black hole off-centre.



Based on experience with the Kerr-AdS metric (and motivated
by the coordinate transformation for slowly accelerating Rindler)
we introduce a possible rescaling of the time coordinate

1 (f dt .o dp? > Y2 h(9) sin?6 [adt dp12)
2 _ at 2,001 4 9 AT Lo 2, 2\a9
ds _Hz{ [oz SmeK] f(r)dr h(@)de Yor? [ Q (" +a )K}

This will rescale temperature, and also changes computations of
the mass.

f(r):(l—A2r2)[1—2m+a2+62] r? + a?

r r2



Using the usual Euclidean method, find temperature:

_ f-ll- _ 1 | 2) 7“3_ _

1" = — 2
47 27T e

Which depends on alpha, and entropy:

2
G _ 7TT+

- K(1-— A%r2)




Expand the metric near the boundary (Fefferman-Graham):

F., and G,, determined by the requirement that

1
ds® = —0?dz* + - [fyu,, + z2\IJW + ZBMW] dztdz” + O(2%)
2




For the boundary metric, get:

(L-22g(©)" , (1-40¢©)

,  9(6) (1 A%2(6))°
T A ()

0202 F2(€) F7(&)g(€) 0

And for the boundary fluid stress tensor:
(T,') = diag{pE, —pe/2+ 11, pp/2 — 11}

where OE = %(1 — A2€29)3/2(2 — 3A4%0%g)



CONICAL DEFICIT




Integrate up the boundary stress-energy to get the mass:

T

MZ/PEfo

What is alpha? Setting m to zero, and demanding that the
boundary is a round 2-sphere gives

a=\/1— A2/2

Get a consistent first law with corrections to V and TD




B m(Z + a?/0?)(1 — A%(2E)

M
K=Za(l + a?A?)
T i g _ m(ri + a*)
 Ara(r? 4+ a?)’ - K(1—A2%r2)°
e er
Q K ) t (T_2|_ n CL2)Oé )
ma Ka
J=—, Q=050+, Q=
K2’ " 7 a(r? + a?)
P 3 V= 47 fr+(7“3_ + a?) N mla?(1 — A2022) + A20AZ(E + a?/0?)]
82 - 3Ka | (1— A%r2) (1+ a2A2)E
\ ry m [2+ a2/ + 5 (1 - A22E)]  AR(E + a?/0?)
i _

- a(l£Ary) « (14 a?2A?)=2 - a(l + a?A?)




CHEMICAL EXPRESSIONS

It is helpful to draw analogies with Chemistry, expressing the
chemical potentials in terms of thermodynamical charges,

rather than geometrical quantities like r,.
A starting point is the Christodoulou-Ruffini mass formula:

S Q> 8PS\’ 8PS\ 4r2.J2
2 —
M(S,Q,J,P)_47T[(1+ = ) +(1+ - ) —~ ]

Here shown for Kerr-Newman-AdS.



THE DEFICITS

While we originally derived the thermodynamics for each
deficit separately, it is more natural to think in terms of an
overall average deficit, and the differential deficit that
produces acceleration. We therefore encode:

K
C:(/’l’—_ﬂ‘l—):m—A:mA
A KA =

A=1-2(pt +p-)=

Then, by observing how the charges/potentials scaled
with K, conjectured how the C-R formula would




2 _ =4 _
M_47r 1+AS+3A T 3A (AS)2  2PS

_ 252 - Q2 N 8PS + 27T2J2 4 902 A2
- 3tM AS  3A 32P252 |’
A 7TQ2 8PS 7TQ2 8PS 42 J? 5
= —— — = —4
! 87rM[(” >(1 "3 ) {asp 1
wJ 8PS
L= Sva (H 3A> ’
o — i ! 7Q? 8PS
- 2M SA  3A

S /8PS 70Q2\° 4r2J? 16PS ,  3CA




ACCELERATING CHEMISTRY

To explore how the thermodynamics depend on the
deficits, first let C=0, and consider the uncharged
nonrotating black hole. It looks like A is almost

irrelevant, but consider the Gibbs free energy: G = M-TS

AS 8PS 8PS
G = 87TM<1| 3A)<1 SA)

A decreases the free energy — though the HP transition




=1
A=0.5
A=0.05

-‘-——*—-———-\-— L




With charge or rotation, new
critical phenomena appear.
The temperature can now
have two turning points with
entropy, If the pressure Is low
enough relative to charge.

-~
P
-



0.6} Gradually dropping charge causes a
T swallowtalil to appear in the free
T energy.




But now something interesting happens with acceleration! Let
J=0, and shorten expressions by writing:

. _ 8PS T@Q*  C?

3A AS o

Then we can factorise the expression for M:

AS C? C?
M? = . [(1—|—x—q+—) (1—|—:U—q_ )]
T x

Where g+ =2—q+2\/1—¢q



g relates the magnitude of the charge to the ratio of the
deficits and pressure, and as pressure drops, g drops.
The swallowtail forms, then snaps at a critical Q.

G




! |HEOREM: !EVERSE

ISOPERIMETRIC INEQUALITY

The Isoperimetric Inequality in Mathematics says that
the minimal boundary length enclosing a given area is a
circle (or suitable higher dimensional generalisation).
This is a problem if true for thermodynamic volume and
black holes, since it would say that a round black hole
would minimize area for a given volume — but entropy
should be maximized! Cvetic et al conjectured that
black hole satisfied a reverse of this mathematical

Inequality and demonstrated its validity for known
examples.




Focus on uncharged case:

AS C?
M? = 1 142 —4—
s (1+2) [ T T ]
2,52 C?
V = - ll-l-ZIZ‘F?]
& combine the expressions
arM?  (3rMV 207\’ @z




SOPERIMETRIC INEQUALITY

Now can manipulate

3V \2 /74 3IrMV  C2\? aM?
Z\{Z - > - >
(47r> (S) —( 452 x2> = "AS

INnto a new inequality appropriate for conical deficit
black holes:




We can look for an exact solution in 3D with the same type
of structure:

ds?® =

1 2 dy? 3 dxz?
A2z~ y)? [P(y)‘” P(y) Q(x>]

With general solution: Q(z) =c+bx+az®,  P(y) = A; i~ QW)

Which, after coordinate rescaling/shifts reduces to:

Class | Q(x) P(y) Maximal range of x
I 1-2% | 5z + W —1) lz| < 1
I ||22-1| mp+(1—-9?)| z>lorz< -1

1+2? | 57— (1497 R




Take each in turn. The first class looks very similar to the 4D
C-metric (r=-1/Ay, t = at/A, X = cos(¢p/K))

, 1 > dr? 2@]
4= [1+ Arcos (¢/K)]° [f('r) a?  f(r) " K2

7“2

f(’l“) — 1+(1 _A2£2)€2

Slow Acceleration Al < 1 No horizon




The presence of K now indicates both a conical deficit (the
particle) and a domain wall at ==, i.e. codimension 1
defect. The conical deficit at r=0 has a natural mass:

1 | 1

m, — — _

C A K
Because of the nonzero extrinsic curvature along ¢==* m,
(thanks to A) there is a wall of tension =

0.06 |

0.04 -

0.02




We can do the same coord
transformation as in the 4D
slow acceleration case, 1o

get the same sort of
picture:

A determines the
displacement from origin,
and X, both the particle




Can follow the same Fefferman-Graham prescription as for

4D, giving the expected boundary metric:

w(§)? d¢?
0= 42 [d’TZ — A?%/? T ‘52]
And, after setting alpha to the same value as 4D, the
mass:
i (x
M:—i E—arcan = (K)
8w\ 2 V1 — A2/?




Compare to “particle” mass from conical deficit:




Although these have been derived as “new”
solutions, we know that in 3D, gravity does not
propagate, so any "vacuum” solution has to be
locally equivalent to AdS. The transformation
formulae for the various solutions are quite
lengthy, but give an interesting alternative
viewpoint, and help with understanding the
“‘BTZ” tamily of solutions.













Recall the BTZ black hole is an
identification of the Rindler wedge:

Blue lines are constant ¢, and have
zero extrinsic curvature,

h
_____



Recall the BTZ black hole is an
identification of the Rindler wedge:

Blue lines are constant ¢, and have
zero extrinsic curvature, so can cut
and paste along ¢—lines to form

the BTZ black hole.




Looking at BTZ from the exact solution perspective:

2 1 d_fz _ dr? 2 2]
=y T TEe T
2
F(r)= —m2(1 — A2r2) + 7“_2 : K=1/m
l (AzmA>

Q(r,¢) =1+ Ar cosh(mg)




Adding A in the class 2's
skews the constant ¢ lines,
changing the way AdS is
sliced and adding extrinsi
curvature to constant ¢—
lines — here is a slightly
distorted BTZ (slow
acceleration)




Because the distorted ¢—
lines now wrap back to the
Rindler wedge horizon, for
some values of ¢ we get
an “additional” horizon
(different portions of the
bulk Rindler horizon).

\
[ | \\\
, _‘ U \ \
%‘-_”~-2_---_ _—'*11‘, o =
IR,
LAl T
h4-4-




Hiding within class | is a new BTZ-like solution. If Al>1,
have a horizon at ) 1

Yn = 1 — A2/2
For the accelerating particle, we usually take y<-y,, with
y ~-1/Ar, but can also have y € (yn,z) z€ (z4,1)

To make this look more familiar, take

At 1
T:— — —
O‘7 y Ap?

K = 7/ arccos (x4) > m/ arccos (yp) > 2

x = cos (¢/K)

where

So that this solution is clearly disconnected from the



Plotting this solution in
global coordinates shows a
clear parallel with BTZ. This
time however, there is no
continuous link to the BTZ

metric.




Finally, the class 3 solutions
don’t allow for an identification
of a single bulk with a wall,
Instead we take 2 bulk copies
a la Randall-Sundrum to form
a braneworld.




* Have shown how to allow for varying tension in
thermodynamics of black holes.

» Conjugate variable is Thermodynamic Length

* Thermodynamics of accelerating black holes is computable
— non-static and non-isolated.

» A key technical point is the normalisation of timelike Killing
vector

» Have derived extensive expressions for the TD variables and
a new Reverse [soperimetric Inequality.

= Three dimensions is both familiar and new!







